HERMITIAN STRUCTURES ON TWISTOR SPACES

V.Apostolov, G.Grantcharov and S.Ivanov

Abstract

The paper contains description of the orthogonal complex structures with respect to the natural one parameter family of Riemannian metrics on the (negative) twistor space over a self-dual Einstein Riemannian four-manifold. We prove that if the twistor space of a compact self-dual Einstein four-manifold admits more than one orthogonal complex structure then the four-manifold has a Kähler structure. Considering the flag manifold F_{1,2} which is the twistor space of CP^2 endowed with the Fubini-Study metric, we obtain that any invariant Einstein metric on F_{1,2} admits even locally exactly three orthogonal complex structures which are the invariant ones.

1 Introduction

Let (M^{2n}, g) be an oriented Riemannian manifold of dimension 2n. A complexstructure on M, viewed as an integrable almost-complex structure J, ispositive and orthogonal whenever J induces the same orientation on M and J is g-skew-symmetric. Then, for any such a structure, the pair (g, J) determines a positive Hermitian structure on M.

Given a Riemannian manifold (M^{2n}, g) it is natural to ask (see [39])if there exist orthogonal complex structures on (M, g)? If so, we would like to describe the set of all orthogonal complexstructures. This question (which in fact concerns the conformal structure determined by g) can be asked either locally or globally, and the corresponding questions can be rather different in nature. While on an oriented (real) surface the complex structures and the Riemannian conformal classes coincide, when n ≥ 2 the local existence of orthogonal complex structures imposes constraints on the (conformally invariant) Weyl curvature tensor of M (see for example [40]).

If M is a (real, oriented) four-dimensional manifold then any positive orthogonal complex structure J is determined, up to a 4-fold ambiguity, by the self-dual Weyl tensor W^+ at any point where it is non-zero. More precisely, J is there equal to some universal function of the eigenforms and the eigenvalues of W^+, operating on the bundle of self-dual 2-forms (the above mentioned ambiguity comes from the lack of a canonical orientation for the eigenspaces of W^+, cf. [36, 5]). In particular, if W^+ is not identically zero, there are (up to sign) at most 2 distinct compatible positive complex structures [34]; here and henceforth, distinct means that there is a point where the complex structures are not equal up to sign. A criterion for the (local) existence of an orthogonal complex structure in terms of the covariant derivative of W^+ is obtained in [5], where a ”Goldberg-Sachs theory” for the Riemannian 4-manifolds is developed.

01991 Mathematical Subject Classification. Primary 53C12, 53C25.

Research partially supported by the Bulgarian Ministry of Science and Education, contract MM–423/94.

A convincing manifestation of the effectiveness of this theory appears in the case when g is Einstein [35, 16, 32, 5]; we have there that the local existence of a positive orthogonal complex structure is equivalent to the degeneracy of the spectrum of W^+; if the metric is not antiself-dual, thenthe compatible complex structure is unique (up to sign) and is globally defined, replacing M by a two fold covering if necessary.

In the case of compact anti-self-dual manifold (M, g) (i.e. when W^+ ≡ 0) the problems of local and globalexistence of positive orthogonal complex structures are quite different : locally there are infinitely many compatible complex structures [8], while the existence of more than two distinct everywhere, globally defined, compatible positive complex structures forces (M, g) to be hyperhermitian surface [34], i.e. (M, g) is either a K3 surface with a Calabi-Yau Ricci-flat metric, a flat 4-torus, or S^1 × S^3 with a hyperhermitian conformally flat metric [11]. Compact fourmanifolds admitting two distinct positive orthogonal complex structures are called bihermitian surfaces. In the anti-self-dual case these have been classified by M.Pontecorvo in [34]. For some results concerning the non anti-self-dual case see [6, 28]. As consequence of these works appears the observation that ”generically” on a compact oriented Riemannian 4-manifold there is at most one globally defined compatible positive complex structure.

When the dimension of M is more than 4 the situation is more complicated (see [39] and the included references). For example, consider CP^n, n ≥ 3 with the Fubini-Study metric. It is well known that the unique globally defined positive orthogonal complex structure is the canonical one while locally there are infinitely many positive orthogonal complex structures since the Bochner tensor of the canonical Hermitian structure of CP^n vanishes, see [33]. More generally, in the case of a compact Riemannian symmetric space (M, g) the question of global existence of orthogonal complex structures has been successfully studied by Burstall and Rawnsley[12] by introducing the twistor space of M. If (M, g) isa compact inner-symmetric Riemannian manifold then M admits a global orthogonal complex structure if and only if M is a Hermitian symmetric space ; in this case the only orthogonal complex structure is the invariant one, cf. [13]. Using different approach Gauduchon has obtained the same result if M is a compact quotient of an irreducible Riemannian symmetric space of non-compact type [19]. The existence of complex structures on the quaternionic manifolds (of dimension 4n, n ≥ 2) has been recently studied in [3, 4]. Unfortunately, for a general Riemannian manifold a little is known for the set of orthogonal complex structures.

The main concern of the present paper is the local existence of orthogonal complex structures on some special type 6-dimensional Riemannian manifolds, namely the twistor spaces of oriented self-dual Einstein 4-manifolds. The (negative) twistor space of an oriented Riemannian 4-manifold M is the 2-sphere bundle Z over M consisting of the unit anti-self-dual two forms on M. The 6-manifold Z admits a natural 1-parameter family of Riemannian metrics h_t, t > 0, which are firstly defined and studied by Friedrich and Kurke [21]. When (M, g) is an oriented self-dual Riemannian 4-manifold the canonical almost-complex structure J on Z (which is orthogonal with respect to any metric h_t) is integrable [8] and defines a 1-parameter family of Hermitian structures (h_t, J) on Z.

If moreover (M, g) is Einstein, the O’Neill formulas give an expression of Riemannian curvature of (Z, h_t) in terms of the curvature of (M, g) (see [20, 27, 43, 14, 15]). In section 3 below we make use of the special form of the curvature of (Z, h_t) given in [14] which allows us to relate the orthogonal complex structures on (Z, h_t) to these on (M, g).

Particular case of our considerations is the flag manifold F_{1,2} = U(3)/U(1) × U(1) × U(1), which is the twistor space of CP^2 endowed with the Fubini-Study metric (of constant holomorphic sectional curvature 4) and where h_t is a one-parameter family of U(3) - invariant metrics (see Example 2). In Theorem 1 we obtain that for any t > 0 the metric h_t has exactly three commuting orthogonal complex structures (which are the invariant complex structures on F_{1,2}). According to [20] the metrics h 1_2 and h 1_4 are Einstein and it is well known that any invariant Einstein metric on F_{1,2} is equivalent to one of them (see for example [7]). In particular, this gives that for any such a metric there are exactly three (invariant) commuting orthogonal complex structures (Corollary2 bellow). As a consequence of the classification of Fano 3-folds of index at least 2 the same is true for any Kähler-Einstein metric of positive type with respect to arbitrary complex structure on F_{1,2} see Corollary 3.

As another application of the results in section 3 we provide on CP^3 (considered as the twistor space of S^4) a Bochner-flat non-Kähler almost Hermitian structure in the class AH_2, see Example 1.

Finally, using the Riemannian Goldberg-Sachs Theorem [5, 32, 35], we show in Theorem 2 that the twistor space (Z, h_t) of a compact self-dual Einstein 4-manifold (M, g) has an orthogonalcomplex structure different from ±J for any t > 0 iff (M, g) is isometrically equivalent to one of the following: CP^2 with the Fubini-Study metric; a compact flat 4-manifold; a K3-surface or its Z_2 and Z_2 × Z_2-quotients endowed with the opposite orientation and a Calabi-Yau metric; a compact quotient of the complex hyperbolic space with the Bergman metric.

2 Positive orthogonal complex structures and twistor spaces - Preliminary results

Let (M, g) be a 2n- dimensional oriented Riemannian manifold. We wish to study positive orthogonal (almost) complex structures on (M, g), which we view as sections of the fibre bundle π_+ : Z^+M = P ×_{O(2n)} (SO(2n)/U(n)) −→ M, where P → M denote the canonical principal O(2n)-bundle. The vertical distribution V =Ker(π_+)_∗ inherits a canonical complex structureJ^V since the fibre H_n = SO(2n)/U(n) is a Hermitian-symmetric space.Moreover, the Levi-Civita connection ∇ on M induces a splittingT Z^+M = H ⊕ Vof the tangent bundle of Z^+M into horizontal and vertical components, sothat H ∼= (π_+)^{−1}T M acquires a tautological complex structureJ^H given by J^H_{x,j} = j for x ∈ M andj ∈ (π_+)^{−1}(x) ∼= H_n.

Following [8, 17], we define two almost-complex structures J and I on Z^+M by

J = J^H + J^V ; I = J^H − J^V .

It is well known that

(a) (2n = 4) J is integrable iff the positive Weyl tensor W^+ of (M, g) vanishes, i.e. g is an anti-self-dual metric [8],

(b) (2n > 4) J is integrable iff the Weyl tensor W of (M, g) vanishes, i.e. g is a locally conformally flat metric [33],

(c) I is never integrable [17].

In [36], Salamon shows that integrability of a positive orthogonal almost complex structure J of (M, g) is equivalent to the holomorphicity of J viewed as a map J : (M, J) → (Z^+M, J). In fact one can say more. In [33], the Nijenhuis tensor N^J is calculated and we have:

Proposition 1 Let σ = (x, j) ∈ Z^+M with (1, 0)-space T^{(1,0)}x (j) ⊂ T_xM ⊗ C. Denote by R the Riemannian curvature tensor of M. Then the Nijenhuis tensor N^J vanishes at σ iff

R_x(T^{1,0}(j), T^{1,0}(j))T^{1,0}(j) ⊂ T^{1,0}(j). (1)

Denote by Z^+_0 M the zero-set of N^J. Since any positive orthogonal complex structure J satisfies (1) we have that J lies entirely in Z^+_0 M.

In the case when (M, g) is a 4-dimensional oriented Riemannian manifold the twistor fiber H_2 is isomorphic to the two-sphere and the set π^{−1}(x)∩Z^+_0 M either consists of 4 or 2 (antipodal) points or it is whole S^2-fibre, according to the spectrum of the positive Weyl tensor operating on the bundle of self-dual 2-forms. More precisely we have [38, 39, 5]

Proposition 2 Let (M, g) be an oriented Riemannian 4-manifold and let λ_− ≤ λ_0 ≤ λ_+ be the eigenvalues of of the positive Weyl tensor W^+, considered as an endomorphism of the vector bundle Λ^+(M) of self-dual two-forms on M. Then we have:

(i) if W^+ is non-degenerate at x ∈ M then π^{−1}(x) ∩ Z^+_0 M consists of 2 (determined up to sign ) different positive orthogonal almost complex structures J^′ and J^{′′} whose Kähler forms Ω^′ and Ω^{′′} are respectively given by:

Ω^′ =

(λ_+ − λ_0)^12 (λ_+ − λ_−)^12

Ω_− −

(λ_0 − λ_−)^12 (λ_+ − λ_−)^12

Ω_+, and Ω^{′′} =

(λ_+ − λ_0)^12 (λ_+ − λ_−)^12

Ω_− +

(λ_0 − λ_−)^12 (λ_+ − λ_−)^12

Ω_+,

where Ω_+ (resp. Ω_−) stands for a generator of the eigenspace of W^+ with respect to λ_+, (resp. λ_−), normalized by |Ω_+|^2 = |Ω_−|^2 = 2.

(ii) if W^+ is degenerate but non zero at x ∈ M then there is one (up to sign) element J ∈ (π_+)^{−1}(x) ∩ Z^+_0 M whose Kähler form Ω is determined at x as being the generator of the simple eigenspace of W^+ with square-norm equal to 2;

(iii) if at point x ∈ M the positive Weyl tensor vanishes, then any element of the fibre (π_+)^{−1}(x) belongs to Z^+_0 .

Note that a section J of Z^+_0 M may or may not be integrable. In the case when (M, g) is Einstein 4-manifold, or more generally, when the positive Weyl tensor is harmonic, a Riemannian version of Goldberg-Sachs theorem [35, 32, 5] asserts that there is a positive orthogonal complex structure J if and only if the spectrum of W^+ is degenerate. Moreover, according to a result of Derdzinski [16], an oriented Einstein 4-manifold with degenerate positive Weyl tensor at any point is either anti-self-dual or the positive Weyl tensor never vanishes. Summarizing, we have the following:

Proposition 3 Let (M, g) be an oriented Einstein Riemannian 4-manifold. Then the following three conditions are equivalent:

(i) the spectrum of W^+ is degenerate;

(ii) there exists an orthogonal, positive, integrable almost complex structure J in the neighborhood of some ( or equivalently, of each ) point of M;

(iii) (M, g) is either anti-self-dual, or W^+ has two distinct eigenvalues at any point of M.

We now focus our attention to the 6-dimensional manifolds. Since the positive and the negative twistor spaces of oriented 6-dimensional Riemannian manifold (M, g) can be identified via the map j → −j on the fibre, we will consider the twistor space Z(M, g) as the quotient space of the principle O(6)/U(3)-bundle of all orthogonal almost complex structures of (M, g) under this action. It is well known that the fiber H_3 = SO(6)/U(3) is isomorphic to CP^3 and we will make use of the explicit identification given in [1] (for more details see also [37, 44, 25]). Let V be a complex 4-dimensional vector space endowed with a Hermitian inner product h and with a volume form Φ ∈ Λ^4V . The Hodge ∗-operator ∗ is defined on Λ^2V by ξ ∧ ∗η = h(ξ, η)Φ. Thus the C-anti-linear endomorphism ∗ induces on the 6-dimensional complex vector space Λ^2V a real structure. The fixed points set of ∗ forms a real 6-dimensional vector space W with a positive definite inner product g coming from h. For any [v] ∈ P(V ) we have the h-orthogonal splitting:

Λ^2V = V_v ⊕ V^⊥_v , (2)

where V_v denotes the vector space generated of all 2-vectors v ∧ u with h(u, v) = 0 and V^⊥_v is the orthogonal component of V_v in Λ^2V . Notice that V^⊥_v is spanned by the 2-vectors u^′ ∧ u^{′′} with h(u^′, v) = h(u^{′′}, v) = 0. The splitting (2) of Λ^2V = W ⊗ C defines a positive g-orthogonal complex structure on the vector space W with (1,0) and (0,1)-spaces equal to V_v and V^⊥_v , respectively. This gives the identification of P(V ) ∼= CP^3 with the space SO(6)/U(3) [1, Lemma 4.1]. In terms of this correspondence we have the following

Lemma 1 Two different positive orthogonal complex structures J^′ and J^{′′} on (W, g) commute if and only if the corresponding [v^′] and [v^{′′}] ∈ P(V ) are h-orthogonal.

Proof. If we assume that h(v^′, v^{′′}) = 0 then the non-zero 2-vector Z = v^′ ∧v^{′′} belongs to the (1,0)- space of both J^′ and J^{′′}. The (complex) 2-dimensional subspace V_Z = span{v^′ ∧ u : h(v^′, u) = h(v^{′′}, u) = 0} of V_v′ belongs to the (1,0)-space of J^′ and to the (0,1)-space of J^{′′}, hence J^′ and J^{′′} commute. Conversely, any two commuting positive orthogonal complex structures J^′ and J^{′′} on (W, g) have a common (1,0)-vector, say Z. Then h-orthogonal complement Z^⊥ of Z in T^{1,0}_J ′ (withrespect to the appropriate extension of h to Λ^2V ) lies entirely in T^{0,1}_J ′′ . Letting Z = v^′ ∧ u^′ for any v with h(v^′, v) = h(u^′, v) = 0, we have h(v^′ ∧ v, v^′ ∧ u^′) = 0 and since v^′ ∧ v ∈ T^{1,0}_J ′ ∩ T^{0,1}_J ′′ we infer v^′ ∈ V^⊥_v′′ . □ As immediate consequence we obtain

Corollary 1 Let {J_0, J_1, J_2, J_3} be orthogonal complex structures on (W, g). Then J_i, i = 0, ..., 3 mutually commute iff the corresponding generators v_i, i = 0, ..., 3 in P(V ) can be chosen in such a way that {v_0, v_1, v_2, v_3} is a unitary frame of (V, h) and v_0 ∧ v_1 ∧ v_2 ∧ v_3 = Φ.

Fix an orthogonal complex structure J_0 of (W, g) which corresponds to [v_0] ∈ P(V ) and let {v_0, v_1, v_2, v_3} be a unitary frame of (V, h) with v_0 ∧ v_1 ∧ v_2 ∧ v_3 = Φ. Then the vectors

Z_1 = v_0 ∧ v_1, Z_2 = v_0 ∧ v_2, Z_3 = v_0 ∧ v_3,

give a unitary frame of T^{1,0}_{J0} ; their complex-conjugated vectors are

Z_1 = v_2 ∧ v_3, Z_2 = −v_1 ∧ v_3, Z_3 = v_1 ∧ v_2.

Denote by {J_0, J_1, J_2, J_3} the corresponding commuting positive orthogonal complex structures on (W, g). It is easily seen that the (1, 0)-spaces of J_0, J_1, J_2, J_3 are respectively spanned by the triples:

{Z_1, Z_2, Z_3}, {Z_1, Z_2, Z_3}, {Z_1, Z_2, Z_3}, {Z_1, Z_2, Z_3}.

For an element [v] ∈ P(V ) with homogeneous coordinates [α_0, α_1, α_2, α_3], the corresponding positive orthogonal complex structure J is determined by its (1,0)-space spanned by the vectors:

Z^J_0 = −α_1Z_1 − α_2Z_2 − α_3Z_3; (3) Z^J_1 = α_0Z_1 − α_2Z_3 + α_3Z_2; Z^J_2 = α_0Z_2 + α_1Z_3 − α_3Z_1; Z^J_3 = α_0Z_3 − α_1Z_2 + α_2Z_1.

The only relation among them is Σ^3_{j=0}α_j Z^J_j = 0.

We can decompose CP^3 as CP^3 ∼= C^3 ∪ C^2 ∪ CP^1, (4)

where:

(a) the copy of CP^1 consists of the elements of CP^3 with homogeneous coordinates [0, δ_1, δ_2, 0]; the corresponding CP^1-family of positive orthogonal complex structures on (W, g) consists of all elements which commute with but differ from both J_0 and J_3.

(b) the copy of C^2 in CP^3 is determined by the elements with homogeneous coordinates [0, γ_1, γ_2, 1], i.e. the corresponding family of positive orthogonal complex structures on (W, g) consists of all elements which commute with J_0 but do not commute with J_3. The (1, 0)-space of these complex structures is spanned by the complex vectors

Z_2 − γ_2Z_3; Z_1 − γ_1Z_3; Z_3 + γ_1Z_1 + γ_2Z_2. (5)

(c) the copy of C^3 is determined by the elements of CP^3 with homogeneous coordinates [1, β_1, β_2, β_3], i.e. which have a (1, 0)-space spanned by the complex vectors

Z_1 + β_3Z_2 − β_2Z_3; Z_2 − β_3Z_1 + β_1Z_3; Z_3 + β_2Z_1 − β_1Z_2. (6)

Equivalently, the family (c) consists of all positive orthogonal almost-complex structures which do not commute with J_0.

Remark 1 It follows from Proposition 1 and (3) that at any x ∈ M Z_0(M, g) ∩ π^{−1}(x) is the zero set of at most six independent homogeneous polynomials on CP^3 of degree 4. In particular it is complex algebraic subset of CP^3

3 Hermitian structures on the twistor space of a self-dual Einstein four-manifold

Suppose from now on that (M, g) is an oriented, self-dual, Einstein, Riemannian 4-manifold. Denote by Z the (negative) twistor space of M. Besides the almost complex structures I, J the splitting of T Z into horizontal and vertical components determines 1-parameter family of Riemannian metrics h_t on Z (see [21]) defined by

h_t = (π_−)^∗g + tg^V , t > 0,

where π_− is the twistor projection, g is the metric of M and g^V is the standard metric (of constant curvature 1) on the fibre H_2 ∼= CP^1.

By the O’Neill formulas for the Riemannian submersion π_− : (Z, h_t) → (M, g) whose fibers are totally geodesic submanifolds of (Z, h_t) one can calculate the Riemannian curvature tensor

R^t of (Z, h_t), cf. [21, 20, 27, 43, 14, 15] . We shall use the following formula [14, 15] : if E, F, G, H ∈ T_σZ and X = HE, Y = HF, Z = HG, T = HH, A = VE, B = VF, C = VG, D = VH denotes respectively the horizontal and vertical components of E, F, G, H then

R^t_σ(E, F, G, H) = R^M_{π−(σ)}((π_−)_∗X, (π_−)_∗Y, (π_−)_∗Z, (π_−)_∗T ) (7) − 2[t( s 24 )^2 − s 24 ][h_t(JX, Y )h_t(JC, D) + h_t(JZ, T )h_t(JA, B)] + [t( s 24 )^2 − s 24 ][h_t(JX, T )h_t(JB, C) + h_t(JY, Z)h_t(JA, D) − h_t(JX, Z)h_t(JB, D) − h_t(JY, T )h_t(JA, C)] + t( s 24 )^2[h_t(X, Z)h_t(B, D) − h_t(X, T )h_t(B, C) + h_t(Y, T )h_t(A, C) − h_t(Y, Z)h_t(A, D)] + t( s 24 )^2[h_t(JX, Z)h_t(JY, T ) − h_t(JX, T )h_t(JY, Z) + 2h_t(JX, Y )h_t(JZ, T )] − 3t( s 24 )^2[h_t(X, Z)h_t(Y, T ) − h_t(Y, Z)h_t(X, T )] + 1 t [h_t(A, C)h_t(B, D) − h_t(A, D)h_t(B, C)]. The metrics h_t are compatible with both almost-complex structures I, J and the almost Hermitian 6-manifolds (Z, h_t, I) and (Z, h_t, J) belong to the class AH_2, see [15]. In particular, both I and J satisfy (1), i.e. I and J lie in the zero set Z_0(Z, h_t) of the twistor space Z(Z, h_t) of (Z, h_t). Set J_0 = J and J_3 = −I. Then we can decompose the fibre H_3 ∼= CP^3 of the twistor bundle π : Z(Z, h_t) → (Z, h_t) as in the preceding section. For any point σ = (x, j) of Z the elements of CP^1-family (a) of positive orthogonal complex structures on (T_σZ, h_t) coincide on the vertical component of T_σZ, so these can be identified with the fibre of positive twistor space π_+ : Z^+(M) → M over x ∈ M using the map:

J ∈ π^{−1}_+ (x) → J ∈ π^{−1}(σ) (8) J X^h = JX ∀X ∈ T M J A = −J^V A ∀A ∈ V where X^h denotes the horizontal lift of X. Moreover, we have the following

Lemma 2 Let J be a positive orthogonal almost complex structure on (M, g) and let J be the corresponding lift to an orthogonal almost complex structure on (Z, h_t). Then (i) J belongs to Z_0(Z, h_t) iff J itself satisfies (1).

(ii) J is integrable iff (M, g, J) is either a flat Hermitian surface or a Kähler-Einstein surface.

Proof : The first part is immediate consequence of (7) and the fact that J and J commute. To prove the second statement we shall use the O’Neill formulas for the Riemannian submersion π_− : (Z, h_t) → (M, g) and the fact that the fibers are totally geodesic submanifolds of (Z, h_t). Thus if we denote by D^t the Levi-Civita connection of (Z, h_t) then we have at any point σ = (x, j) of Z (see [14, Lemma 3.1]) :

(D^t_Xh Y^h)_σ = (∇_X Y )^h_σ + 1 2 R_x(X, Y )j, (9)

(D^t_AY^h)_σ = − t 2 (R_x(J^V A)X)^h_σ , (10)

where X, Y are vector fields on M ; X^h, Y^h are their horizontal lifts ; A is an arbitrary vertical vector field on Z and R_x(X, Y )j denotes the j-anti-invariant two form R_x(X, Y )(j., .) + R_x(X, Y )(., j.) at x viewed as an element of V_σ. Now it is easily seen that D^t preserves T^{1,0}_J Z if and only if ∇ preserves T^{1,0}_J M and for any (1, 0) vectors X, Y we have R(X ∧ Y ) ∈ Λ^−M. The first condition is equivalent to J being integrable. Let R =^s_{12} Id + B + W^+ + W^− be the SO(4)-splitting of the curvature operator R. It is well known that the traceless Ricci operator B switches Λ^+M and Λ^−M, so since for any (1, 0)-vectors X, Y the two-vector X ∧ Y belongs to Λ^+M ⊗ C, the second condition reads^s_{12} X ∧ Y + W^+(X ∧ Y ) = 0 for any (1, 0)-vectors X, Y . It follows from [5, Lemma 1] (see also [42]) that the latter is equivalent to W^+ being degenerate and κ = s, where k = 3(W^+(Ω), Ω) is the conformal scalar curvature of (g, J) ; Ω is the Kähler form of (g, J). In particular, in the Einstein case, we have |W^+| = const (see [5, Lemma 1]) and according to [5, Proposition 1] either s ≡ 0 or (g, J) is Kähler. □

Remark 2 The proof of Lemma 2 shows that for any Kähler surface (M, g, J) (which is not necessary Einstein) the almost complex structure J on Z is integrable and the converse is true provided that M is compact (see [42]). Moreover, if we denote by Σ_−, K^12 and T the (locally defined) bundle of negative spinors, a (locally defined) square-root of the canonical line bundle K and the holomorphic tangent bundle of (M, J, g), respectively, then J is the canonical complex structure coming from the identifications

Z ∼= P(Σ) ∼= P(T ⊗ K^{12} ),

see [41]. (End of Remark 2).

If J is a negative orthogonal almost complex structure on (M, g) we can use (8) to lift J to an almost complex structure J on Z, compatible with h_t for any t > 0. On the analogy of Lemma 2 we obtain

Lemma 3 Let J be a negative orthogonal almost complex structure on (M, g) and let J be the corresponding lift to an orthogonal almost complex structure on (Z, h_t). Then we have the following equivalences:

J belongs to Z_0(Z, h_t) ⇔ s ≡ 0; J is integrable ⇔ s ≡ 0 and J is integrable. Proof : If s ≡ 0, then from (7) we have that J satisfies (1) iff J itself satisfies (1). The latter condition is true for any negative orthogonal almost complex structure since the negative Weyl tensor vanishes. Conversely, suppose that J satisfies (1) at any point of Z. Choose σ = (x, j) with j anti-commuting with J_x. We then obtain from (7) that (1) is equivalent to s ≡ 0. We conclude the second part as in the proof of Lemma 2-(ii). □

Let J be a positive orthogonal almost complex structure on (M, g) satisfying condition (1) (i.e. J is determined according to Proposition 2) and let J_1 and J_2 be the almost Hermitian structures on (Z, h_t) which are the lifts of J and −J by (8), respectively. Thus J_0, J_1, J_2 and J_3 all satisfy (1) and mutually commute. Using the quadruple {J_0, J_1, J_2, J_3} we can introduce the homogeneous coordinates on the fibre CP^3 as in the above section (with respect to these coordinates J_0 = [1, 0, 0, 0]; J_3 = [0, 0, 0, 1]; J_1 = [0, 1, 0, 0]; J_2 = [0, 0, 1, 0]). Denote by {Z_1, Z_2, Z_3, Z_1, Z_2, Z_3} the corresponding frame of the T_σZ ⊗ C. Notice that the complex vectors Z_1, Z_2 are horizontal while Z_3 belongs to the vertical component of T_σZ ⊗C. By (7), (5) and (6) we easily determine the positive orthogonal almost-complex structures in the families (b) and (c) which satisfy (1) : let s, Ω(., .) = g(J., .) and κ = 3(W^+(Ω), Ω) be the scalar curvature, Kähler form and the conformal scalar curvature of (M, J, g) and set P = [−t( s 12 )^2 + s 6 − κ 12 − 1 t ]; Q = (π_−)^∗(W^+(Ω))(Z_1, Z_2);

L = [2t( s 12 )^2 − s 3 − κ 12 − 1 t ], then we have the following:

Lemma 4 An orthogonal almost complex structure in the family (b) belongs to Z_0(Z, h_t) if and only if its homogeneous coordinates γ_1, γ_2 satisfy

P (γ_1)^2 + Qγ_1γ_2 = 0; P (γ_2)^2 − Qγ_1γ_2 = 0;

Q(γ_1)^2 − Q(γ_2)^2 + 2(P + κ 6 )γ_1γ_2 = 0.

Lemma 5 An orthogonal almost complex structure in the family (c) belongs to Z_0(Z, h_t) if and only if its homogeneous coordinates β_1, β_2, β_3 satisfy

sβ_3 = 0;

L(β_1)^2 + Qβ_1β_2 = 0; L(β_2)^2 − Qβ_1β_2 = 0;

−Q(β_1)^2 + Q(β_2)^2 − (L + κ 4 )β_1β_2 = 0.

We are now ready to describe the set Z_0(Z, h_t). First of all notice that from Propositions 2 and 3 and using the analyticity of g, the following three possibilities appears for a self-dual Einstein Riemannian 4-manifold (M, g):

(A) The positive Weyl tensor W^+ is identically zero, i.e. (M, g) is an oriented 4-manifold of constant sectional curvature^s_{12} .

(B) The positive Weyl tensor W^+ has exactly two different eigenvalues at any point, i.e. by replacing M by a two-fold covering if necessary M is a self-dual Einstein Hermitian surface. If moreover M is compact, then M is a complex space form by a result of Boyer [11].

(C) The positive Weyl tensor is non degenerate in a dense open subset of M.

In the notations above we have : Q ≡ 0 iff the spectrum of W^+ is degenerate; k ≡ 0 & Q ≡ 0 iff W^+ ≡ 0, cf. [38, 5]. Substituting Q = 0, κ = 0 into lemmas 4 and 5 and using lemmas 2 and 3, we obtain for case (A)

Proposition 4 Let (M, g) be an oriented 4-manifold of constant sectional curvature^s_{12} . Then:

(i) if^{st}_{12} = 1 +

√_3 2 or^{st}_{12} = 1 −

√_3

2 then Z_0(Z, h_t) has two connected components which are ±J_3 and the CP^2-bundle over Z of all positive orthogonal almost complex structures of (Z, h_t) which commute with, but differ from ±J_3;

(ii) if st = 12 then Z_0(Z, h_t) has two connected components which are ±J_0 and the CP^2- bundle over Z of all positive orthogonal almost complex structures of(Z, h_t) which commute with, but differ from ±J_0;

(iii) if s = 0, i.e. (M, g) is flat, then for any t > 0 the zero-set Z_0(Z, h_t) is a CP^1 × CP^1- bundle over Z of the lifts of the orthogonal (positive and negative ) almost complex structures on (M, g);

(iv) in any other cases Z_0(Z, h_t) has three connected components: ±J_0; ±J_3 and the CP^1- bundle over Z of the lifts of the positive orthogonal almost complex structures of (M, g).

Example 1 According to the results in [33], in the case (i) of the above proposition the almost Hermitian manifold (Z, h_t, J_3 = −I) has vanishing Bochner tensor (for the definition of the Bochner tensor of an almost Hermitian manifold see [40]). As already mentioned, the almost Hermitian structure (h_t, I) belongs to the class AH_2 [14]. Thus, (Z, h_t, I) with^{st}_{12} = 1 +

√_3 2 is a non-Kähler Bochner-flat almost Hermitian structure of class AH_2 on CP^3.

We also observe that in case (ii) of Proposition 4 (Z, h_t, J_0) is a Kähler Bochner-flat manifold (which is also of constant holomorphic sectional curvature, see [14]). (End of Example 1.)

When (M, J, g) is a self-dual Kähler-Einstein surface we have Q ≡ 0 and κ = s, cf. [18, 16]. In this case lemmas 4, 5, 2 and 3 give

Proposition 5 Let (M, J, g) be a self-dual Kähler-Einstein surface. Then:

(i) if^{st}_{12} =^{5+} √ 33 4 or^{st}_{12} =^{5−} √ 33 4 , then Z_0(Z, h_t) consists of ±J_3 and two CP^1-bundles P_3 and P_4 determined as the orthogonal almost complex structures of (Z, h_t) which commute with both J_3 and J_1 (resp. J_3 and J_2 ) but differ from ±J_3 and ±J_1 (resp. from ±J_3 and ±J_2);

(ii) if^{st}_{12} ≠^{5+} √ 33 4 and^{st}_{12} ≠^{5−} √ 33 4 then Z_0(Z, h_t) consists of ±J_0, ±J_1, ±J_1 and ±J_3.

Example 2 Let F_{1,2} = U(3)/U(1) × U(1) × U(1) be the three-dimensional flag manifold. Consider the following reductive decomposition of u(3)

u(3) = h ⊕ m,

where u(3) is the Lie algebra of the unitary group U(3) and h and m are determined by:

h = iα 0 0 0 iβ 0 0 0 iγ ∼= u(1) ⊕ u(1) ⊕ u(1) ⊂ u(3);

m = 0 a b −ā 0 c −b̄ −c̄ 0 ⊂ u(3). Identifying any element X ∈ m with the triple (a, b, c) we consider the U(3)-invariant Riemannian metric on F_{1,2} g_{λ,μ,ν} (X, X) = λ|a|^2 + μ|b|^2 + ν|c|^2, where λ, μ, ν are positive real numbers. When λ, μ, ν vary the set of the metrics g_{λ,μ,ν} exhaust all U(3)-left invariant metrics on F_{1,2}.

It is well known that F_{1,2} can be considered as the negative twistor space of CP^2 with the Fubini-Study metric, see [10, 13.80]. It is easily shown that the metrics h_t, t > 0 coincide with the invariant metrics g_{1,} st_{6 ,1} and the complex structures J_0, J_1 and J_2 defined above are the invariant complex structures on F_{1,2}, acting on the elements of m by J_0(a, b, c) = ( ia, ib, ic); J_1(a, b, c) = (−ia, −ib, ic); J_2(a, b, c) = ( ia, −ib, −ic). We also observe that the non-integrable almost complex structure J_3 is also invariant and acts by J_3(a, b, c) = (−ia, ib, −ic). Moreover, for st = 6 we obtain the bi-invariant metric on F_{1,2} and for st = 12 (h_t, J_0) is one of the invariant Kähler-Einstein structures on F_{1,2}, see [21, 7]. Our main observation concerning F_{1,2} is given by the following

Theorem 1 The only (local) orthogonal complex structures compatible with some of the metrics h_t, t > 0 are the invariant ones.

Proof: Except for the case^{st}_{12} =^{5+} √ 33 4 the claim follows from Proposition 5. Suppose now that^{st}_{12} =^{5+} √ 33 4 and let J be a compatible complex structure, different from J_0, J_1 and J_2.

According to Proposition 5, at any point J belongs to the family (c) with β_1 = β_3 = 0 or β_2 = β_3 = 0. Suppose for example that in the neighborhood U of some point J belongs to the family (c) with β_1 = β_3 = 0. Then, on U, the complex structure J is compatible with the invariant metric g 6_{st ,1,1}. It is well known (see for example [2]) that there exists an automorphism of F_{1.2} coming from an element of the Weyl group of SU(3) which switches the metrics g 6_{st ,1,1} and g_{1,} 6_{st ,1}. But existence of a complex structure compatible with g_{1,} 6_{st ,1} different from J_0, J_1 and J_2 contradicts to Proposition 5. □

Remark 3 Using the algebraic structure of F_{1,2} the authors have recently obtained the same result for any invariant metric g_{λ,μ,ν} . A detailed proof and some other applications will appear in a forthcoming paper.

As a consequence of Theorem 1 we obtain

Corollary 2 The only orthogonal complex structures compatible with some invariant Einstein metric on the homogeneous space F_{1,2} are the invariant ones.

Proof: Any invariant Einstein metric on F_{1,2} is isometric to either h 6_s or h 12_s (see for example [7]). □

Another consequence of Theorem 1 is the following

Corollary 3 For any Einstein metric of positive scalar curvature on F_{1,2} which is Kähler with respect to some compatible complex structure there are exactly three commuting orthogonal complex structures.

Proof: For any such Kähler structure, say (h, J ), on F_{1,2} the complex structure J has positive first Chern class, hence, since F_{1,2} is spin-manifold, (F_{1,2}, J ) is a Fano manifold of index at least 2. From the classification of 3-dimensional Fano manifolds [26, 31] it follows that J is biholomorphic to one of the invariant complex structures J_0, J_1, J_2. Moreover, according to uniqueness of Kähler-Einstein metrics modulo biholomorphisms [9, 30, 29], we can assume that (h, J ) is equivalent to (h_t, J_0) with st = 12 and our claim follows from Theorem 1. □ (End of Example 2.)

To complete our discussion we consider the case (C) when the spectrum of W^+ is not degenerate. We then have Q ≠ 0, so Lemmas 2, 4 and 5 give

Proposition 6 Let (M, g) be an oriented self-dual Einstein Riemannian 4-manifold. Suppose that the spectrum of positive Weyl tensor W^+ is non degenerate. After replacing M by a finite covering if necessary, denote by J^′ and J^{′′} the globally defined by Proposition 2-(i) positive orthogonal almost complex structures on (M, g) and let J^′_1, J^′_2 and J^{′′}_1 , J^{′′}_2 be the corresponding lifts to the negative twistor space Z. Then:

(i) if the scalar curvature s is non zero then Z_0(Z, h_t) consists of ±J_0, ±J^′_1, ±J^′_2, ±J^{′′}_1 , ±J^{′′}_1 and ±J_3;

(ii) if the scalar curvature is zero then Z_0(Z, h_t) has 7 connected components given by ±J_0, ±J^′_1, ±J^′_2, ±J^{′′}_1 , ±J^{′′}_2 , ±J_3 and the CP^1-bundle of the lifts of the negative almost Hermitian structures on (M, g).

Concerning the twistor spaces of compact Einstein self-dual four manifolds, we describe these of them that admit orthogonal complex structure different from J with the following

Theorem 2 Let (M, g) be a compact, self-dual, Einstein Riemannian 4-manifold. Then there exists in the neighborhood of some (or equivalently of each) point of the negative twistor space Z a positive h_t-orthogonal complex structuredifferent from J for any t > 0 if and only if (M, g) is isometrically equivalent to one of the following:

(i) CP^2 with the Fubini-Study metric; (ii) an oriented compact flat 4-manifold;

(iii) a K3 surface or its quotients by groups Z_2 or Z_2 × Z_2, endowed with the opposite orientation and a Calabi-Yau Ricci-flatmetric;

(iv) a compact quotient of the (complex) hyperbolic space CH^2 with the Bergman metric.

Proof: If (M, g) is CP^2 with the Fubini-Study metric then there are (locally and globally) exactly three orthogonal complex structures associated with any of the metrics h_t, t > 0, as already proved in Theorem 1. According to Proposition 5 and Lemma 2, the same is true for the compact quotients of the complex hyperbolic space with the Bergman metric when st 12 ≠^{5−} √ 33 4 ; for^{st}_{12} =^{5−} √ 33 4 we do not know if there exist some positive orthogonal complex structures different from J_0, J_1 and J_2. When (M, g) is a flat torus or a K3-surface endowed with a Calabi-Yau metric, then according to Lemmas 2 and 3 besides J_0, the other h_t-orthogonal complex structures of Z are the lifts of the positive and negative orthogonal complex structures of (M, g). Since any globally defined orthogonal complex structure on the flat torus and a K3 surface is Kähler in the case of the flat torus there are exactly two S^2-families of globally defined complex structures, commuting with but different from J_0 (corresponding to two hyper-Kähler families of (M, g)) while in the case of a K3 surface there is exactly one S^2-family of globally defined complex structures, commuting with but different from J_0.

Suppose now that on a simply-connected open set U of (Z, h_t) there is a positive orthogonal complex structure J which differs from J_0. Denote by U the projection of U by π_−. We claim that either thescalar curvature of (U, g) vanishes or the spectrum of W^+ of (U, g) isdegenerate. Indeed, suppose that s ≠ 0 and the spectrum of W^+ is notdegenerate. Then Proposition 6 implies that J is one of thestructures J^′_1, J^{′′}_1 , J^′_2, J^{′′}_2 . In any case J is projectable into a positive orthogonal almost complex structure J on (U, g) which coincides with one of the structures ±J^′ or ±J^{′′} defined by Proposition 2-(i). The integrability condition for J implies that J is an integrable structure on (U, g) (see Lemma 2), hence the spectrum of W^+ is degenerate by Proposition 3, a contradiction. Since g is an Einstein metric (in particular it is real analytic) we obtain that either (M, g, J) is of zero scalar curvature or the spectrum of W^+ is degenerate everywhere on M. In the first case a result of Hitchin [22] implies that (M, g) is isometric to one of the manifolds given in (ii) and (iii) of Theorem 2. In the second case, according to Proposition 3, either (M, g) is of constant sectional curvature (i.e. (M, g) is isometric to S^4 or to a compact quotient of the real hyperbolic space) or W^+ has exactly two distinct eigenvalues at any point of M. If (M, g) is of constant non-zero sectional curvature, then it follows from Proposition 4 that J is projectable to a positive orthogonal almost complex structure J on (M, g) which is Kähler by Lemma 2. This is impossible since for a Kähler surface the positive Weyl tensor vanishes iff the scalar curvature is zero (see for example [18, 16]). If W^+ has two distinct eigenvalues, by replacing M by two-fold covering if necessary, we obtain that there is a Hermitian structure J on (M, g), see [16]. According to the classification of the compact self-dual Einstein Hermitian surfaces, obtained by Boyer in [11], (M, g, J) is isometrically and biholomorphically equivalent to one of the following Kähler surfaces: CP^2 with the Fubini-Study metric; a flat complex surface; a compact quotient of the unit ball in C^2 with its Bergman metric, which completes the proof. □ Remark 4

1. While S^4 and the manifolds appearing in (i), (ii) and (iii) are the only oriented compact self-dual Einstein manifolds of non-negative scalar curvature, see [22, 23, 21], in the case of negative scalar curvature a complete classification is not available and the only known examples are the compact quotients of real and complex hyperbolic spaces. (If we not assume that M is compact some other examples appear, cf. [24].)

2. The proof of Theorem 1 shows that if for some t > 0 there exists a positive h_t-orthogonal complex structure different from J then (M, g) is either of constant non-zero sectional curvature or isometrically equivalent to one of the Riemannian manifolds described in (i)-(iv) of Theorem 2. In the case when (M, g) is the 4-sphere S^4 the metric h_t with t =^{12}_s is the Fubini-Study metric on CP^3, which locally admits infinitely many orthogonal complex structures (see [33]) while for the twistor space of the compact quotients of real hyperbolic space the authors do not know if there are h_t-orthogonal complex structures different from J_0. According to Proposition 4 if any, then^{st}_{12} = 1 −

√_3 2 . References

[1] E.Abbena, S.Garbiero and S.Salamon, Hermitian geometry on the Iwasawa manifold, Boll.

Un. Mat. Ital., VII, Ser. B 11, No2, Suppl.231-249 (1997).

[2] J. Adams, Lectures on Lie groups, W.Benjamin, New-York, 1967.

[3] D.V. Alekseevsky, S.Marchiafava, M.Pontecorvo, Compatible Complex structures on Almost Quaternionic manifolds, Preprint ESI, 404, (1996).

[4] D.V. Alekseevsky, S.Marchiafava, M.Pontecorvo, Compatible Almost Complex structures on Quaternion-Kähler manifolds, Preprint ESI, 419, (1997).

[5] V.Apostolov and P.Gauduchon, The Riemannian Goldberg-Sachs Theorem, Int.J.Math, 8 N4 (1997), 421-439.

[6] V.Apostolov, P.Gauduchon and G.Grantcharov, Bihermitian structures on complex surfaces, Preprint.

[7] A.Arvanitoyeorgos, New invariant Einstein metrics on generalized flag manifolds, Trans.

Amer. Math. Soc., 337 (1993), 981-995.

[8] M.Atiyah, N.Hitchin and M.Singer, Self-duality in four-dimensional Riemannian geometry, Proc. R. Soc. Lond. Ser. A, 362 (1978), 425-461.

[9] S.Bando and T.Mabuchi, Uniqueness of Einstein Kähler metrics modulo connected group actions, in Algebraic geometry, Sendai, 1985 (Advanced Studies in Pure Math. 10) T.Oda ed, North Holland, 1987.

[10] A.Besse, Einstein manifolds, Springer-Verlag, 1987.

[11] C.Boyer, Self-Dual and Anti-Self-Dual Hermitian Einstein Metrics on Compact Complex Surfaces, Contemp. Math., 71 (1988), 105-114.

[12] F.Burstall and J.Rawnsley Twistor theory for Riemannian symmetric spaces, Lecture Notes in Math., 1424, Springer Verlag Heidelberg, 1990.

[13] F.Burstall, G.Grantcharov, O. Mus̆karov and J.Rawnsley, Hermitian structures on Hermitian symmetric spaces, J. Geom. Phys., 10 (1993), 245-249.

[14] J.Davidov and O.Mus̆karov, On the Riemannian curvature of a twistor space, Acta Math.

Hung., 58 (1991), 319-332.

[15] J.Davidov, O.Mus̆karov and G.Grantcharov, Kähler curvature identities for twistor spaces, Illinois J. Math., 39 (1995), 627-634.

[16] A.Derdziński, Self-dual Kähler manifolds and Einstein manifolds of dimension 4, Comp.

Math., 49 (1983), 405-433.

[17] J.Eells and S.Salamon, Twistorial construction of harmonic maps of surfaces into fourmanifolds, Ann. Scoula Norm. Sup. Pisa Cl. Sci., 12 (1985), 589-640.

[18] P.Gauduchon, Surfaces kähleriennes dont la courbure vérifie certaines conditions de positivité, Géométrie riemannienne en dimension 4, Séminaire A.Besse-1978-1979, eds. Bérard- Bergery, Berger, Houred, CEDIC/Fernand Nathan (1981).

[19] P.Gauduchon, Complex structures on compact conformal manifolds of negative type, Complex analysis and Geometry (V.Ancona, E.Ballico, S.Silva, eds.), Proceedings of the conference at Trento, Marcel Dekker, New York, Basel, Hong Kong, 1996, pp. 201-212.

[20] Th. Friedrich,R.Grunevald, On Einstein metrics on the twistor of a four-dimensional Riemannian manifold, Math. Nachr. 106 (1985), 55-60.

[21] Th.Friedrich and R.Kurke, Compact four-dimensional self-dual Einstein manifolds with positive scalar curvature, Math. Nachr., 123(1982), 271-299.

[22] N.Hitchin, Compact four-dimensional Einstein manifolds, J. Diff. Geom., 9 (1974), 435-441. [23] N.Hitchin, Kählerian twistor spaces, Proc. London Math. Soc., 43 (1981), 133-150. [24] N.Hitchin, Twistor spaces, Einstein metrics and isomonodromic deformations, J. Diff.

Geom., 42 (1995), 30-112.

[25] Y.Inoue, Twistor spaces over even-dimensional Riemannian manifolds, J. Math. Kyoto Univ., 32, (1992), 101-134.

[26] V.A.Iskovskih, Anticanonical models of three dimensional algebraic varieties, Itogi Nauk i Tekhniki, Soviet Problemy Mat., 12, (1979), 59-157; English transl. J.Soviet Math., 13, (1980), 745-813.

[27] G.Jensen,M. Rigoli, Twistor and Gauss lifts of surfaces in four manifolds,in S.Y.Cheng, H.Choi, R.E.Green (eds) Recent developments in Geometry, Proceedings, Los Angeles 1987 (Contemp. Math.101) Providence AMS 1989,197-232.

[28] P.Kobak, Explicit doubly-Hermitian metrics, Preprint ESI, 197, (1995). [29] A.Lichnerowicz Sur la transformations analytiques des variété Kählérienne,C.R. Acad. Sci.

Paris 244 (1957), 3011-3014.

[30] I.Matsushima, Remarks on Kähler-Einstein manifolds, Nagoya Math. J. 46(1972), 161-173. [31] J.Murre, Classification of Fano threefolds according to Fano and Ishovskih, Lecture Notes in Math., No. 947, Springer, Berlin, 1982, 35-92.

[32] P.Nurowski, Einstein equations and Cauchy-Riemann geometry, Ph.D.Thesis, SISSA/ISAS, Trieste (1993).

[33] N.O’Brian and J.Rawnsley, Twistor spaces, Ann. Glob. Anal. Geom., 3 (1985), 29-58. [34] M.Pontecorvo, Complex structures on Riemannian four-manifolds, Math. Ann., 309 (1997), 159-177.

[35] M.Przanowski and B.Broda, Locally Kähler Gravitational Instantons, Acta Phys. Pol., B14 (1983), 637-661.

[36] S.Salamon, Harmonic and holomorphic maps, in: Proc. Geometry Seminar Luigi Bianchi II,ed. E.Vesentini, Springer, Heidelberg (1985).

[37] S.Salamon, Riemannian Geometry and Holonomy Groups, Pitman Research Notes Math., 201, Longman, 1989.

[38] S.Salamon, Special structures on four-manifold, Riv. Math. Univ. Parma, 17, n^04 (1991), 109-123.

[39] S.Salamon, Orthogonal complex structures Proceedings of the 6^{th} International Conference on Differential Geometry,Brno August 28-September 1, 1995 (ed. J.Janiska,I.Kolar, J.Slovak).

[40] F.Tricerri and L.Vanhecke, Curvature tensors on almost-Hermitian manifolds, Trans. Amer.

Math. Soc., 267 (1981), 365-398.

[41] V.Tsanov, Moduli of twistor spaces, Proc. Conf. Differential geometric methods in theoretical physics, World Scientific, 1986.

[42] I.Vaisman, Some curvature properties of complex surfaces, Ann. Mat. Pura et Appl. 32, (1982),1-18.

[43] A.Vitter, Self-dual Einstein metrics,in D.De Turk, Nonlinear Problems in Geometry, Providence, Mobile 1985 (Contemp. Math.,51),Providence AMS 1986,113-120.

[44] H.Wang, Twistor spaces over 6-dimensional Riemmanian manifolds, Illinois J. Math., 31, (1987), 274-311.

Vestislav Apostolov, Bulgarian Academy of Sciences, Institute of Mathematics and Informatics, Acad. G. Bonchev Str., bl.8, Sofia 1113, BULGARIA and Centre de Mathématiques, Ecole Polytechnique, CNRS URA 169, 91128 Palaiseau, France, E-mail: va@math.acad.bg

Gueo Grantcharov, University of Sofia, Faculty of Mathematics and Informatics, Department of Geometry, Blvd. James Bouchier 5, Sofia 1164, BULGARIA E-mail: geogran@fmi.uni-sofia.bg

Stefan Ivanov, University of Sofia, Faculty of Mathematics and Informatics, Department of Geometry, Blvd. James Bouchier 5, Sofia 1164, BULGARIA E-mail: ivanovsp@fmi.uni-sofia.bg