Harmonic spinors of Dirac operator of connection with torsion in dimension 4

Peter Dalakov and Stefan Ivanov^∗

Department of Theoretical Physics, University of Sofia St. Kl. Ochridski, Institute for Nuclear Research and Nuclear Energy, Faculty of Mathematics and Informatics, Bulgarian Academy of Sciences, Department of Geometry, 72 Tsarigradsko chaussee blvd., 5 James Bourchier blvd, 1784 Sofia, BULGARIA 1164 Sofia, BULGARIA. E-mail: dalakov@inrne.bas.bg E-mail: ivanovsp@fmi.uni-sofia.bg

Abstract

It is shown that the existence of a parallel (-)-spinor with respect to a metric connection with totally skew-symmetric torsion requires more local restrictions than the existence of a parallel (+)-spinor. It is proved that every harmonic spinor with respect to the Dirac operator of this connection on a compact four-dimensional spin Riemannian manifold is parallel with respect to a naturally arising metric connection with totally skew-symmetric torsion and all such spaces are classified up to a conformal transformations.

Running title: Harmonic spinors

Keywords. Skew-symmetric torsion, Dirac operator, Harmonic spinors, HyperKähler manifolds, Eigenvalue estimate.

AMS Subject Classification: Primary 53C25, Secondary 53C15, 53C56, 32L25, 57S25

∗The author is partially supported by Contract MM 809/1998 with the Ministry of Science and Education of Bulgaria, Contract 238/1998 with the University of Sofia ”St. Kl. Ohridski”, The European Contract Human Potential Programme, Research Training Network HPRN-CT-2000-00101.

1 Introduction

Linear connections preserving a riemannian metric and having totally skew-symmetric torsion have been recently a subject of interest mainly because of physical reasons. These connections arise in a natural way in theoretical and mathematical physics. For example, the target space of supersymmetric sigma models with Wess-Zumino term carries a geometry of a metric connection with skew-symmetric torsion [11, 20, 21] (see also [28] and references there); in the supergravity theories, the geometry of moduli space of a class of black holes is carried out by a metric connection with skew-symmetric torsion [18], the geometry of NS-5 brane solution of type II supergravity theories is generated by a metric connection with skew-symmetric torsion [30, 31, 29].

The existence of parallel spinors with respect to a metric connection with skew- symmetric torsion on a spin Riemannian manifold is of importance in string theory since parallel spinors are associated with some string solitons (BPS solitons) [29].

The existence of parallel spinor with respect to the Levi-Civita connection on a Riemannian manifold M imposses restrictions on the holonomy group. If M is simply connected the (restricted) holonomy groups are described in [19, 35] (for non-simply connected case see [26]).

On a 4-dimensional Riemannian spin manifold (M, g) the existence of parallel spinors with respect to a metric connection ∇ with skew-symmetric torsion forces the (restricted) holonomy group of ∇ to be contained in SU(2) [29]. It is shown in [22] that this is equivalent to the local existence of a HKT structure, i.e. a hyperhermitian structure parallel with respect to ∇. It is a well known consequence of the integrability theorem in [5] that the self-dual Weyl tensor must vanish if there exists a (local) hypercomplex structure (see e.g. [17] and references there). If M is compact than the holonomy of ∇ is contained in SU(2) iff M is either a Calabi-Yau manifold or a Hopf surface. This is proved in [22] relying on the results in [16, 2]. We note that there exist Hopf surfaces which do not admit any (global) hyperhermitian structure [14] but the holonomy of ∇ is contained in SU(2) [22]. These Hopf surfaces do not admit ∇- parallel spinors by Crollary 4.3 below which shows that in the non simply connected compact case the holonomy condition is not sufficient for the existence of ∇-parallel spinors.

In the present note we are interested in the space of harmonic spinors with respect to the Dirac operator naturally associated to a metric connection ∇ with skew-symmetric torsion T on a compact 4-dimensional Riemannian spin manifold (M, g). If dT = 0 the structure (g, ∇) is called strong and if d^∗T = 0 it is called closed. On a spin Riemannian manifold the spinor bundle ΣM decomposes into two parts ΣM = Σ_+M ⊕ Σ_−M of (+)-spinors and (-)-spinors. We discovered that the existence of a ∇-parallel (-)-spinor induces more (local) restrictions on the geometry than the existence of a ∇-parallel (+)-spinor (see Theorem 4.2 bellow).

Following [23] we consider the associated Weyl structure, i.e. the unique torsion-free linear connection ∇^W preserving the conformal structure and determined by ∇^W g = ∗T ⊗ g, where ∗ is the Hodge star operator. The corresponding scalar curvature k of ∇^W is called conformal scalar curvature and has conformally invariant sign [14]. We define ’conformal change’ of the connection ∇, i.e. a natural transformation of ∇ induced by a conformal rescaling of the metric and show that the dimension of the space of ∇-harmonic spinors, i.e. the dimension of the kernel of the associated Dirac operator, is a conformal invariant. This allows us to apply Gauduchon gauge and to prove our main

Theorem 1.1 Let (M, g, ∇, T ) be an oriented four-dimensional compact spin Riemannian manifold equipped with a metric connection with torsion 3-form T and of non-negative conformal scalar curvature k. Then i)There exists a non-zero ∇-harmonic (-) spinor iff k = 0 and (M, g, ∇) is a conformally equivalent to a flat torus with its hyper-Kähler metrics or a coordinate quaternionic Hopf surface with its standard flat, strong and closed HKT structure and the metric is of constant scalar curvature in the conformal class of the standard locally conformally flat metric.

ii) There exists a non-zero ∇-harmonic (+) spinor iff k = 0 and (M, g, ∇) is conformally equivalent either to one of the spaces listed in i) or to a K3-surface with its hyper-Kähler metrics.

iii) There exists a ∇-harmonic spinor of generic type iff there exists ∇-harmonic (-) spinor.

The proof relies on the Lichnerowicz formula for Dirac operator of general connection with torsion proved in [8] (see also [1]).

If M is not compact the existence of a ∇-parallel (+)-spinor does not imply the vanishing of the Ricci tensor of ∇ as it could be seen in the examples in the end of the note. However, Theorem 1.1 shows that in the compact case the existence of a parallel spinor forces the Ricci tensor to be zero.

Acknowledgements.

The research was done during the visit of the second author (S.I.) at the Abdus Salam International Centre for Theoretical Physics, Trieste, Italy, Spring 2000. S.I. thanks the Abdus Salam ICTP for the support and the excellent facilities. We thank G.Papadopoulos for his interest in this work.

2 Preliminaries

Let (M, g) be an n-dimensional (n > 1) Riemannian manifold. Let ∇ be a linear connection. We denote by T the torsion of ∇, T (X, Y ) = ∇_X Y − ∇_Y X − [X, Y ]. The connection ∇ has skew-symmetric torsion if T (X, Y, Z) := g(T (X, Y ), Z) is a 3-form. In the sequel, we shall call a Riemannian manifold (M, g, ∇, T ) with a linear connection of skew-symmetric torsion a Riemannian manifold with torsion (briefly RT). If the torsion is closed then the manifold is called a strong RT manifold.

We note that in the physics literature the geometry of a metric connection with torsion is often called a Riemann-Cartan geometry. We prefer here the name RT manifold to emphasize on the skew-symmetric property of the torsion.

Any metric connection ∇ with skew-symmetric torsion T is connected to the Levi-Civita connection ∇^g of the metric g by g(∇_X Y, Z) = g(∇^g_X Y, Z) + 1 2 T (X, Y, Z), (2.1)

Let R = [∇, ∇] − ∇_{[,]} be the curvature tensor of type (1,3) of ∇. We denote the curvature tensor of type (0,4) R(X, Y, Z, V ) = g(R(X, Y )Z, V ) by the same letter.

The Ricci tensor Ric^∇ and the scalar curvature s^∇ are defined by Ric^∇(X, Y ) = n∑ j,i=1 R(e_i, X, Y e_i), s^∇ = n∑ j,i=1 R(e_j , e_i, e_i, e_j ). Here and henceforth e_1, e_2, ..., e_n is an orthonormal basis of the tangential space.

By (2.1) the Ricci tensor Ric and the scalar curvature s of the Levi-Civita connection are connected to Ric^∇ and s^∇ as follows Ric(X, Y ) = Ric^∇(X, Y ) + 1 2 d^∗T (X, Y ) + 1 4 n∑ i=1 g(T (X, e_i), T (Y, e_i)), s = s^∇ + 3 2 |T |^2, (2.2) where |.|^2 denotes the norm of a p-form.

Remark 1. It is well known (see e.g. [33]) that if ∇ is flat, i.e. with zero curvature, then (M, g, ∇, T ) carries a structure of a compact Lie group, g is a biinvariant metric and ∇ is the canonical invariant connection with torsion given by the Lie bracket, except for some structures on seven dimensional spheres.

We recall the notion of KT and HKT structures. A Hermitian manifold (M, g, J) with a complex structure J and a hermitian metric g (g(J., J.) = g(., .)) is called Käheler manifold with torsion (KT-manifold) if there exists a linear connection with totally skew-symmetric torsion preserving the given hermitian structure (g, J). For any hermitian structure there exists a unique connection with these properties, called Bismut connection [8, 15], ( see also [36] as a general reference for connections on complex manifold). If Ω(., .) = g(., J.) is the Kähler form then the torsion of the Bismut connection is equal to −dΩ(J., J., J.). The Lee form θ of a given hermitian structure is a 1-form defined by θ = d^∗Ω ∘ J. A Hyperhermitian structure on a 4n-dimensional manifold M is a triple (J_α), α = 1, 2, 3, of complex structures satisfying the quaternionic identities and a Riemannian metric g which is hermitian with respect to each complex structure J_α, α = 1, 2, 3. A Hyperhermitian manifold with torsion (briefly HKT) is a Hyperhermitian manifold equipped with a linear connection ∇ with totally skew-symmetric torsion which preserves the metric and each of the complex structures J_α, α = 1, 2, 3. It turns out that a Hyperhermitian manifold is HKT if and only if the Bismut connections of the three complex structures J_α, α = 1, 2, 3 coincide [21, 18, 15]. In particular the three Lee forms also coincide [17, 23] and the common Lee form θ is called the Lee form of the HKT structure. If each J_α, α = 1, 2, 3 is parallel with respect to the Levi-Civita connection then the structure is Hyper Kähler. In dimension four every hyperhermitian structure is a HKT structure with Bismut connection of torsion T = − ∗ θ [17]. If the Lee form is closed then the HKT structure is closed since d^∗T = − ∗ dθ.

Let (M, g, J) be a spin manifold with spinor bundle ΣM and let μ : T^∗M ⊗ ΣM −→ ΣM be the Clifford multiplication (see [25] as a general reference on spinors). Identifying T^∗M and T M via the metric we shall also consider μ as a map from T M ⊗ ΣM into ΣM. We shall write the Clifford multiplication by juxtaposition, i.e. μ(α ⊗ ψ) = αψ, μ(X ⊗ ψ) = Xψ, α ∈ T^∗M, X ∈ T M, ψ ∈ ΣM. The volume form ω_g of the metric g acts on ΣM as an involution with (-1)-eigenspace Σ_+M and (+1)-eigenspace Σ_−M and ΣM decomposes as ΣM = Σ_+M ⊕ Σ_−M, Σ_±M = {ψ|ωψ = ∓ψ}. Any metric connection ∇ with skew-symmetric torsion in the tangent bundle gives rise to a metric connection in the spinor bundle and it is an easy consequence of (2.1) that

∇_X ψ = ∇^g_X ψ + 1 4 n∑ i<j T (X, e_i, e_j )e_i.e_j ψ, X ∈ Γ(T M), ψ ∈ Γ(ΣM). (2.3)

The Dirac operator D of ∇ is defined by D = μ∘∇ or equivalently Dψ = ∑_n i=1 e_i.∇_{ei} ψ, ψ ∈ Γ(ΣM). As a consequence of (2.3) we get the formula

D = D^g + 3 4 n∑ i<j<k T (e_i, e_j , e_k)e_i.e_j .e_k (2.4)

where D^g is the Dirac operator of the Levi-Civita connection. From (2.4) it follows that D is self-adjoint.

The Lichnerowicz formula for D, proved in [8] states that

D^2 = (∇^3)^∗∇^3 + 1 4 s + 3 4 dT − 9 8 |T |^2, (2.5)

where the connection ∇^3 is a metric connection on T M with torsion 3T and its action on ΣM is given by

∇_X ψ = ∇^g_X ψ + 3 4 n∑ i<j T (X, e_i, e_j )e_i.e_j (2.6)

Let ∇^{1/3} be a metric connection on T M with torsion^1_3 T . The action of the corresponding Dirac operator D^{1/3} on ΣM is

D^{1/3} = D^g + 1 4 n∑ i<j<k T (e_i, e_j , e_k)e_i.e_j .e_k (2.7)

The operator D^{1/3} is self-adjoint and Lichnerowicz formula (2.5) gives

(D^{1/3})^2 = ∇^∗∇ + 1 4 s + 1 4 dT − 1 8 |T |^2, (2.8)

It is shown in [8] that in case of complex manifold the operator D^{1/3} coincides with the Dolbeault operator √ 2( ¯∂ + ¯∂^∗) acting on (0, p)-forms provided the torsion T is the torsion of the unique Bismut connection determined by any hermitian structure.

3 Conformal transformations of RT manifolds in dimension four

From now on (M, g, ∇, T ) will stand for a 4-dimensional RT manifold with torsion 3-form T .

Let ∗-be the Hodge star operator. We define the torsion 1-form t as the corresponding to T 1-form via ∗-operator i.e. T = − ∗ t (3.9) Let ~g = e^f g be a conformal rescaling of the metric. In general, in higher dimensions there is no natural transformation of the connection ∇ induced by the conformal rescaling of the metric. However, in case of a QKT structure, i.e. when there is a quaternionic structure parallel with respect to ∇ and the torsion is (1,2)+(2,1)-form with respect to any compatible local almost complex structure (see e.g. [28]), a natural ’conformal transformation’ of the connection is defined in [23]. It is well known that every 4-dimensional oriented Riemannian manifold carries a hermitian quaternionic structure (see e.g. [7]) and therefore every 4-dimensional RT manifold is a QKT space in a natural way. Following [23] we define the conformally transformed connection ~∇ by the equation ~g( ~∇_X Y, Z) = ~g( ~∇~^g_X Y, Z) − 1 2 ∗~_g (t + df)(X, Y, Z), where ~∇~^g and ∗~_g are the Levi-Civita connection and Hodge ∗-operator of ~g, i.e. the torsion 1-form t̃ of ~∇ is given by t̃ = t + df. (3.10) We shall call (M, g, ∇) and (M, ~g, ~∇) conformally related RT manifolds.

To find distinguished RT structures on a compact 4-manifold we shall use the Gauduchon theorem for the existence of a Gauduchon metric on a compact hermitian or Weyl manifold [12, 13,

14]. This theorem can be formulated in our notations as follows: To a given 4-dimensional compact RT manifold (M, g, ∇, T ) there always exists a unique (up to homothety) conformally related RT manifold (M, g_G, ∇_G, T_G) such that the corresponding torsion 1-form t_G is co-closed with recpect to g_G. The key point is that the torsion 1-form transforms under conformal rescaling according to (3.10) (see [34], Appendix 1). Application of this theorem leads to the following partial result of [23]

Proposition 3.1 Let (M, g, ∇, T ) be a compact 4-dimensional RT manifold. In the conformal class of g there exists a unique (up to homothety) conformal metric g_G and a unique strong RT manifold (M, g_G, ∇_G, T_G) conformally related to (M, g, ∇, T ).

Proof. The existence of Gauduchon metric g_G means d^∗t_G = 0 which is equivalent to dT_G = 0 by (3.9). Q.E.D.

On a given RT manifold we consider the associated Weyl connection ∇^W which is torsion-free and ∇^W g = −t ⊗ g. We note that these two conditions determine ∇^W completely (see [6] as a nice overview of Weyl structures). The conformal scalar curvature k, ie the scalar curvature of ∇^W is expressed in terms of s and the torsion 1-form t by [14, 6] k = s − 3 2 |t|^2 − 3d^∗t (3.11)

and is a conformal invariant of weight -1 i.e. if ~g = e^f g then ~k = e^{−f} k (3.12)

Using (2.2) we find from (3.11) k = s^∇ − 3d^∗t. Thus, k = s^∇ if and only if the RT structure is strong.

4 Dirac operator on 4-dimensional RT manifold

From now on (M, g, ∇, T ) will stand for a 4-dimensional spin RT manifold.

We shall abbreviate (+)-spinors (resp. (−)-spinors) by_+ (resp._−). Thus ψ_± means ψ_± ∈ Γ(Σ_±M). Direct computations using (3.9) yield 4∑ i<j T (X, e_i, e_j )e_i.e_j = − 4∑ i<j ∗t(X, e_i, e_j )e_i.e_j = −(X.t + t(X))ω. (4.13)

We apply (4.13) to (2.3), (2.4) (2.7) and Lichnerowicz formula (2.8) to get

∇_X ψ_+ = ∇^g_X ψ_+ + 1 4 (X.t + t(X))ψ_+, ∇_X ψ_− = ∇^g_X ψ_− − 1 4 (X.t + t(X))ψ_−, (4.14)

Dψ_+ = D^gψ_+ − 3 4 tψ_+, Dψ_− = D^gψ_− + 3 4 tψ_−. (4.15)

D^{1/3}ψ_+ = Dψ_+ + 1 2 tψ_+, D^{1/3}ψ_− = Dψ_− − 1 2 tψ_−. (4.16)

(D^{1/3})^2 = ∇^∗∇ + 1 4 s + 1 4 d^∗tω − 1 8 |T |^2, (4.17)

since dT = d^∗tω by (3.9).

Recall (cf. [19]) that under a conformal change of the metric ~g = e^f g of a spin manifold (M, g) there is an identification ~ of the spinor bundles Σ_±M of (M, g) and the spinor bundle ~Σ_±M of (M, ~g) such that ~Xψ = ~X ~ψ, ~αψ = ~α ~ψ, ~∇~^g_X ~ψ = ~∇^g_X ψ − 1 4 Xdf ~ψ − 1 4 Xf. ~ψ, (4.18) ~D~^g ~ψ = e^{− f}_2 ~Dgψ + 3 4 df ~ψ, (4.19)

where ψ ∈ Γ(ΣM), ~ψ ∈ Γ( ~ΣM) is the spinor corresponding to ψ, X ∈ T M, ~X = e^{− f}2 X, α ∈ T^∗M, ~α = e^f2 α.

Remark 2. It follows from (4.14) and (4.18) that two conformally related RT structures (g, ∇) and (~g, ~∇) have common parallel (+)-spinors, while a ∇-parallel (-)-spinor is never ~∇-parallel provided the function f is not a constant.

Proposition 4.1 Let (M, g, ∇) be a 4-dimensional RT manifold. The dimension of the kernel of the Dirac operator D of ∇ is a conformal invariant.

Proof: Since D(Γ(Σ_±M)) ⊂ Γ(Σ_∓M), it is enough to show that dim Ker D|_{Σ±M} is a conformal invariant. The torsion 1-form ~t of the structure (~g, ~∇) is t + df by (3.10). Then (4.15), (4.18) and (4.19) yield ~D ~ψ_+ = e^{− f}2 ~Dψ_+, ~D(e^{−3}2^f ~ψ_−) = e^{−2f} ~Dψ_−, and these equalities prove Proposition 4.1. Q.E.D.

In the following we shall denote by < ·, · > and | · | pointwise inner products and norms and by (·, ·) and ‖ · ‖ – the global ones, respectively. We abreviate by α^+ (resp. α^−). the self-dual (resp. anti-self-dual) part of a 2-form α with respect to the Hodge ∗-operator.

As we have already mentioned in the introduction the existence of a parallel spinor on a RT manifold implies that the holonomy of ∇ is contained in SU(2) [29]. In the next local observation we show that the existence of a parallel (-)-spinor requires the RT manifold to be strong, closed and flat. We have

Theorem 4.2 Let (M, g, ∇, T ) be an oriented four-dimensional spin RT manifold admitting a non-zero parallel spinor. Then the holonomy of ∇ is contained in SU(2) and therefore, there (locally) exists a hypercomplex structure (J_a), a = 1, 2, 3 such that (g, (J_a), ∇) is a HKT structure. In particular g is anti-self-dual, k = 0 and dt^+ = 0. In this case there always exists a parallel (+)-spinor.

i) If there exists a parallel (-)-spinor then in addition dT = 0, d^∗T = 0, ∇ is flat and therefore it is a 4-dimensional group manifold with its standard strong, closed and flat HKT structure which is lovally conformally hyperkähler. In this case there always exists a parallel (-)-spinor.

ii)There exists a parallel spinor of generic type iff there exists a parallel (-)-spinor.

Proof. We use some elementary facts from representation theory (see e.g. [10]. Let Cl(4) be the Clifford algebra of a 4-dimensional Euclidean vector space. Then Cl(4) ~=H ⊕ H, where H is the space of quaternions. The space of spinors S^4 = S_+ ⊗ S_− is a reducible Cl(4)- module, considered as a representation of the group Spin(4), where S_+ and S_− are irreducible. The action of group Spin(4) ~=SU(2)×SU(2) ~=Sp(1)×Sp(1) on S^4 ~=H⊕H is {A, B}.{s_+, s_−} = {As_+, Bs_−}. If there is a parallel spinor then the holonomy of the connection should be a subgroup of the stabilizer of the action of Spin(4). If there exists a parallel spinor of generic type the stabilizer is trivial and if there exists a parallel half-spinor then the stabilizer is SU(2)=Sp(1). Hence, ∇ is flat in the first case and its holonomy is contained in SU(2) in the second one. The latter is equivalent to the existence of a local ∇- parallel hyper almost complex structure which turns out to be a hyperhermitian structure which is HKT [22]. In this case ∇ is the corresponding Bismut connection and the Weyl connection ∇^W coincides with the Obata connection (ie the unique torsion-free linear connection preserving the given hypercomplex structure) [17] which is flat [32]. This implies k = 0.

Further we shall use the Lichnerowicz formula (4.17). Let t^# be the vector field dual to the torsion 1-form t. We compute using (4.15) and (4.16) that

(D^{1/3})^2ψ_± = ( D^2 ∓ 1 2 (tD − Dt) + 1 4 |t|^2 ) ψ_±. (4.20)

We apply (4.15) to the general identity D^gt + tD^g = dt + d^∗t − 2∇^g_{t#} to get tD + Dt = dt + d^∗t − 2∇_t# , (4.21)

since ∇^g_{t#} = ∇_t# because of (4.13).

Substituting Dt from (4.21) into (4.20), we derive

(D^{1/3})^2ψ_± = ( D^2 ∓ tD ± 1 2 (dt + d^∗t) ∓ ∇_t# + 1 4 |t|^2 ) ψ_±. (4.22)

Inserting (4.22) into the Lichnerowicz formula (4.17), we obtain by use of (3.11) that ( D^2 − tD − ∇_t# − ∇^∗∇ + 1 2 dt − 1 4 k ) ψ_+ = 0,

(4.23) ( D^2 + tD + ∇_t# − ∇^∗∇ − 1 2 dt − 1 4 k − 3 2 d^∗t ) ψ_− = 0.

(4.24)

Using (4.14) we see that ∇, restricted to sections of Σ^+M, coincides with the Weyl connection considered in [27]. Hence, as proved in [27], dt^+ = 0 and a parallel spinor in Σ^+M with respect to ∇ gives rise to a hyper-Hermitian structure (J_a), a = 1, 2, 3 on M and vice versa.

This can be briefly explained in our notations as follows. Any ∇-parallel (+)-spinor ψ_+ generates an almost complex structure J by JX.ψ_+ := √ −1X.ψ_+ which is also ∇-parallel. In dimension 4 any almost complex structure which is parallel with respect to a metric connection with totally skew-symmetric torsion is integrable ie it is a complex structure. This is a consequence of the general fact that any 3-form is of type (1,2)+(2,1) with respect to any almost complex structure in dimension 4. In particular, the torsion of ∇ is of this type with respect to J which is equivalent to the vanishing of the Nijenhaus tensor N [22] since g(N(., .), .) = T^{0,3+3,0} = 0, where T^{0,3+3,0} is the (0,3)+(3,0)-part of T with respect to J. Multiplying (4.23) by ψ_+ and looking at the real and imaginary parts of the obtained equality we get k = 0 and dtψ_+ = 0. The latter spinor equality implies dt_+ = 0 because of the following chain of equalities dt^±.dt^±.ψ_+ = dt^± ∧ dt^± − |dt^±|^2ψ_+ = ±dt^± ∧ ∗dt^±ψ_+ − |dt^±|^2ψ_+ = ±|dt^±|^2ωψ_+ − |dt^±|^2ψ_+ = ( ∓|dt^±|^2 − |dt^±|^2 ) ψ_+. To get the other complex structures we recall [4] that there is an antilinear bundle map j : ΣM −→ ΣM which commutes with the Clifford multiplication, j^2 = −id, j is parallel with respect to any metric connection on M. The ∇-parallel spinor ψ_+ + jψ_+ determines a complex structure J_1 and the triple J, J_1, JJ_1 form a ∇-parallel hyperhermitian structure. The converse is clear.

To prove i), let us assume that there exists a non-zero parallel (−)spinor ψ_−. Then (4.24) reduces to 2dtψ_− − (k + 6d^∗t)ψ_− = 0 and consequently 2 < dtψ_−, ψ_− > −(k + 6d^∗t)|ψ_−|^2 = 0. The real and imaginary part of the last identity imply k +6dt^∗ = 0, dt^− = 0. Since the holonomy of ∇ is contained in SU(2) the first part of the theorem shows that there exist a parallel (+)-spinor and therefore dt^+ = k = 0. Hence, 0 = d^∗t = dT, d^∗T = dt = dt^+ + dt^− = 0 and ∇ is flat because of the existence of parallel spinor of generic type. Hence, (M, g, ∇) is a 4-dimensional group manifold with the standard HKT structure. The existence of parallel spinor of generic type on 4-dimensional HKT group manifold is clear. Q.E.D.

Applying the classification of compact hypercomplex surfaces of [9] (see also [27]), we get

Corollary 4.3 Let (M, g, ∇, T ) be an oriented four-dimensional compact spin RT manifold.

i)There exists a non-zero parallel (-) spinor iff (M, g, ∇, T ) is a flat torus with its hyper-Kähler metrics or a coordinate quaternionic Hopf surface with its standard flat, strong and closed HKT structure and the metric is of constant scalar curvature in the conformal class of the standard locally conformally flat metric.

ii) There exists a non-zero parallel (+) spinor iff (M, g, J_a) is either one of the spaces listed in i) or a K3-surface with its hyper-Kähler metrics.

iii) There exists a parallel spinor of generic type iff there exists a parallel (-)-spinor.

5 Proof of Theorem 1.1

We take the global inner product in (4.23), (4.24) and (4.21) to get

||Dψ_+||^2 − (tDψ_+, ψ_+) − (∇_t# ψ_+, ψ_+) = ||∇ψ_+||^2 − 1 2 (dtψ_+, ψ_+) + 1 4 (kψ_+, ψ_+),

(5.25)

||Dψ_−||^2 + (tDψ_−, ψ_−) + (∇_t# ψ_−, ψ_−) = ||∇ψ_−||^2 + 1 2 (dtψ_−, ψ_−) + ((k + 6d^∗t)ψ_−, ψ_−) 4 , (5.26) (tψ, Dψ) − (Dψ, tψ) = (dtψ, ψ) + (d^∗tψ, ψ) − (2∇_t# ψ, ψ). (5.27)

The left side of (5.27) is an imaginary complex number and therefore the real part of the right side must vanish i.e. Re(∇_t# ψ, ψ) = (d^∗tψ, ψ). (5.28)

Inserting (5.28) into (5.25) and (5.26), we derive

||Dψ_+||^2 − (tDψ_+, ψ_+) = ||∇ψ_+||^2 − 1 2 (dtψ_+, ψ_+) + 1 4 ((k + 4d^∗t)ψ_+, ψ_+) = 0,

(5.29) ||Dψ_−||^2 + (tDψ_−, ψ_−) = ||∇ψ_−||^2 + 1 2 (dtψ_−, ψ_−) + 1 4 ((k + 2d^∗t)ψ_−, ψ_−) = 0,

(5.30)

Let KerD ≠ 0. It follows from (3.12), Proposition 3.1 and Proposition 4.1 that we can assume that (M, g, ∇, T ) is a strong RT manifold. Let 0 ≠ ψ_+ ∈ KerD (resp. 0 ≠ ψ_− ∈ KerD). Then, by (5.29) and (5.30), we get ||∇ψ_+||^2 + 1 4 (kψ_+, ψ_+) = 0, ||∇ψ_−||^2 + 1 4 (kψ_−, ψ_−) = 0,

(5.31)

since (dtψ, ψ) is an imaginary complex number. Hence, ∇ψ_+ = 0 (resp. ∇ψ_− = 0) by (5.31) and k ≥ 0. The Theorem 1.1 follows from Corollary 4.3. Q.E.D.

Example 1. The next examples, coming originally from [24] are considered in [27], and show that there exist (locally) strong non-closed and non-flat HKT structures and therefore admitting parallel (+)-spinors but not admitting parallel (-)-spinors. We take the description from [27].

Let u : U ⊂ C^2 −→ C be a holomorphic function and consider the Riemannian metric g_u = dz^1d̄z^1 + |u|^2dz^2d̄z^2. A hyperhermitian structure (J_1, J_2, J_3) compatible with the opposite orientation is defined by J_1 + √ −1J_2 = udz^1d̄z^1 + ūdz^2d̄z^2, √ 2J_3 = dz^1d̄z^1 − |u|^2dz^2d̄z^2. The common Lee form is θ =^1_u^{∂u}_{∂z2} dz^2. It is not closed provided^{∂u}_{∂z1} ≠ 0 and it is an easy computation to show d^∗θ = 0. Thus, (Ū, g, (J_1, J_2, J_3)) is a HKT manifold with respect to the Bismut connection ∇ admitting ∇-parallel (+)-spinor. By (2.2) 2Skew(Ric^∇) = d^∗T = dθ ≠ 0. Hence, the Ricci tensor is not zero and therefore there are no non-zero ∇-parallel (-)-spinor by Theorem 4.2.

More examples of this type are supplied by non-closed HKT structures with triholomorphic Killing vector field described in [17].

Example 2. We take the next example from [29]. Let H be the space of quaternions. Consider the metric hds^2(H), h = 1 +^1_{|g|2} , q ∈ H − {0} and ds^2(H) is the flat metric on H, the 3-form T = − ∗ dh, where ∗ is the Hodge ∗-operator with respect to ds^2(H). The geometry of the RT manifolds (H − {0}, hds^2(H), ∇^±, ±T ) is a part of the NS-5-brane soliton of II A supergravity [29]. These RT structures are in fact HKT with respect to the hyperhermitian structure defined by right and left multiplication by the imaginary unit quaternions, respectively [29]. It is shown in [29] that the holonomy of ∇^± is SU(2) and therefore there are only ∇^+-parallel (+)-spinor and ∇^−-parallel (-)-spinor by Theorem 4.2.

6 Eigenvalue estimate

On a RT manifold (M, g, ∇, T ) of particular importance is the Dirac operator D^{1/3} of the metric connection with torsion^1_3 T . As we have already mentioned, in case of a complex manifold this operator coincides with the Dolbeault operator √ 2( ¯∂ + ¯∂^∗) acting on (0,p)-forms provided ∇ is the Bismut connection of the Hermitian structure [8]. An eigenvalue estimate for the Dolbeault operator on compact hermitian spin surface is given in [3]. We show below that the same estimate is valid on any compact RT manifold.

Proposition 6.1 Let (M, g, ∇, T ) be an oriented four dimensional compact spin RT manifold with non-negative conformal scalar curvature. Then the first eigenvalue λ of the Dirac operator D^{1/3} satisfies the inequality λ^2 ≥ 1 6 inf_M s.

(6.32)

There is an equality in (2.1) if and only if there exists a ∇-parallel spinor in Σ_+M (hence the conformal scalar curvature is identically zero), the scalar curvature is constant and M is one of the spaces listed in Theorem 1.1.

Proof. Let ϕ be an eigenspinor of D^{1/3} with eigenvalue λ, i.e. D^{1/3}ϕ = λϕ. Then ϕ = ϕ_+ + ϕ_− and (D^{1/3})^2ϕ_+ = λ^2ϕ_+. We obtain from (2.8) using (3.11) that

λ^2|ϕ_+|^2 = |∇ϕ_+|^2 + 1 6 ( s + k 2 ) |ϕ_+|^2.

(6.33)

Hence, if k ≥ 0 we get the estimate (6.32) and the equality is attended iff ∇ϕ_+ = 0. The assertion follows from Corollary 4.3. Q.E.D.

Note that for the Gauduchon metric g_G the expression (3.11) yields s_G = k_G +^3_2 |t_G|^2. Now, the condition k ≥ 0 implies s_G ≥ 0. In the Gauduchon metric (6.33) holds also for (-)-spinors. The dimension of the kernel of D^{1/3} is conformally invariant by applying Proposition 4.1 for the metric connection with torsion^1_3 T . Hence, KerD^{1/3} = 0 and by (6.33) the eigenvalue λ^2 > 0 provided t is not identically zero.

References

[1] Ackermann T, Tolksdorf J 1996 J. Geom. Phys. 19 143-150. [2] Alexandrov B, Ivanov S 2000 Diff. Geom. Appl., to appear; math.DG/9901090. [3] Alexandrov B, Grantcharov G, Ivanov S 1999 Ann. Inst. Fourier, at press; math.DG/9902005. [4] Atiyah M F, Bott R, Shapiro A 1964 Topology 3 Suppl. 1 3-38. [5] Atiyah M F, Hitchin N J, Singer I M 1979 Proc. Roy. Soc. London A 362, 425-461. [6] Calderbank D Pedersen H 2000 in Volume V, Surveys in Differential Geometry: Essays on Einstein Manifolds, suppl. to the Journal of Differential Geometry eds. C. LeBrun, M. Wang (International Press).

[7] Besse A 1987 Einstein manifolds Springer-Verlag, Bew-York. [8] Bismut J-M 1989 Math. Ann. 284 681 − 699. [9] Boyer C 1988 Proc. Amer. Math. Soc. 102 157 − 164. [10] Bryant R 2000 math.DG/0004073 [11] Gates S J, Hull C M, Roěk M 1984 Nucl. Phys. B248157 − 186. [12] Gauduchon P 1977 C. R. Acad. Sci. Paris Ser. A 285 387 − 390. [13] Gauduchon P 1984 Math. Ann. 267 495 − 518. [14] Gauduchon P 1995 J. reine angew. Math. 469 1-50.

[15] Gauduchon P 1997 Bol. U. M. I. ser. VII vol. XI-B, supl. 2 257 − 289. [16] Gauduchon P, Ivanov S 1997 Math. Z. 226 317 − 326. [17] Gauduchon P, Tod P 1998 J. Geom. Phys. 25 291-304.

[18] Gibbons G W, Papadopoulos G, Stelle K S 1997 Nucl. Phys. B508 (1997), p.623; hepth/9706207.

[19] Hitchin N 1974 Adv. Math. 14 1 − 55.

[20] Howe P S, Papadopoulos G 1992 Nucl. Phys. B381360 − 372. [21] Howe P S, Papadopoulos G 1996 Phys. Lett. B37981 − 86; hep-th/9602108. [22] Ivanov S, Papadopoulos G 2000 math.DG/0010038. [23] Ivanov S 1999 Preprint ICTP N_o IC/99/195; math.DG/0003214. [24] Joyce D 1995 Duke Math. J. 77 519-552.

[25] Lawson H B, Michelsohn M-L 1989 Spin Geometry Princeton University Press. [26] McInnes B 1999 Comm. Math. Phys. 203 349-364.

[27] Moroianu A 1996 Bull. Soc. Math. Fr. 124, N4, 685 − 695. [28] Opfermann A, Papadopoulos G 1998 math-ph/9807026. [29] Papadopoulos G 2000 math.DG/0003024.

[30] Papadopoulos G, Teschendorff A 1998 Phys. Lett. B443 p.159; hep-th/9806191 [31] Papadopoulos G, Teschendorff A 1998 hep-th/9811034. [32] Pedersen H, Swann A 1993 Proc. London Math. Soc. (3) 66 381-399. [33] Spindel P, Sevrin A, Troost W, van Proeyen A 1988 Nucl. Phys. B308 662-698. [34] Tod P 1992 J. London Math. Soc. (2) 45 341-351 [35] Wang M 1989 Ann. Glob. Anal. Geom. 7 59 − 68.

[36] Yano K 1965 Differential geometry of complex and almost complex spaces Pergamon Press, Oxford.

List of changes

Dear Publishing Administrator, Thank you very much for your letter concerning our paper submitted to CQG. We agree with the referee’s report and amended the paper along the lines suggested by the referee.

We suplly additional information for references which were cited but were not avialable. We also include 7 additional references, namely [4], [6], [7], [10], [25], [34], [36] according to the suggestion of the referee.

We also add a little bit more explanations to make the exposition more clear and self contained which we belive is closed to the spirit suggested by the referee.

The changes are as follows:

- p.2 one sentence concerning the relatoions between parallel spinors and holonomy group; - p.4 definitions of KT structure, Bismut connection and Lee form; - p.6 more explanations for the Gauduchon theorem and Weyl structures; - p.8 a brief skech of the proof of the result of Moroianu making the proof of Theorem 4.2 more clear and self contained;

- p.10 more precise explanation of the positivity of the square of the first eigenvalue of the Dirac operator.

Yours sincerely, Petar Dalakov and Stefan Ivanov