Dirac operators on Hermitian spin surfaces

B.Alexandrov S.Ivanov^∗

Department of Mathematics University of Sofia ”St. Kl. Ohridski”

Abstract

We prove the conformal invariance of the dimension of the kernel of any of the selfadjoint Dirac operators associated to the canonical Hermitian connections on Hermitian spin surface. In the case of surface of non-negative conformal scalar curvature we estimate the first eigenvalue of the self-adjoint Dirac operator associated to the Chern connection and list the surfaces on which its kernel is non-trivial.

Running title: Dirac operators on Hermitian spin surfaces

Keywords. Hermitian surface, Dirac operator

MS classification: 53C55; 53C15

∗The authors are supported by Contract MM 809/1998 with the Ministry of Science and Education of Bulgaria and by Contract 238/1998 with the University of Sofia ”St. Kl. Ohridski”.

1 Introduction

In [9] Hitchin has proved that the dimension of the kernel of the Dirac operator is conformal invariant. By the well-known vanishing theorem of Lichnerowicz this kernel is zero if the scalar curvature is non-negative and non-identically zero. When the scalar curvature is zero the harmonic spinors (i.e. the spinors in the kernel of the Dirac operator) are actually parallel spinors. The classification of the complete simply connected irreducible spin manifolds admitting parallel spinor is given by Hitchin [9] and Wang [17]. When the scalar curvature is positive an estimate for the first eigenvalue of the Dirac operator is found by Friedrich [5]. For Kähler manifolds this estimate is bettered by Kirchberg [11, 12]. In the 4-dimensional case (in which we are interested in this paper) the Kähler manifolds of smallest possible first eigenvalue are classified by Friedrich [6].

It is well-known that in the Kähler case the Dirac operator coincides with the Dolbeault operator of the square root of the canonical line bundle which determines the spin structure. Thus, it is natural to study the above questions in the case of the Dolbeault operator on Hermitian spin manifolds. For Hermitian spin surfaces this is done in [1]. Another way for generalization comes from the fact that on Kähler manifolds the Levi-Civita connection coincides with the Chern connection. Although generally the Dirac operator of the Chern connection is not selfadjoint on non-Kähler Hermitian manifolds (as shown in [13] it is self-adjoint iff the Lee form is zero), there is a natural self-adjoint operator associated to it. This operator is a particular case of the construction of Bismut [3] which associates to any metric connection with torsion T a self-adjoint Dirac operator D_T . In fact D_T is the sum of the Dirac operator of the connection with its adjoint, divided by 2. A Weitzenböck formula for D_T is also proved in [3].

Now we recall the definition of the set of canonical Hermitian connections, described by Gauduchon [8]. This set is the affine line of connections ∇^t, t ∈ R, which is determined by the projection ∇^0 of the Levi-Civita connection on the affine space of Hermitian connections, and the Chern connection ∇^1.

Our first observation is that on Hermitian spin surfaces the dimension of the kernel of D_T t is a conformal invariant (Proposition 3.1). Further, we prove the following:

Theorem 1.1 Let (M, g, J) be a compact Hermitian spin surface of non-negative conformal scalar curvature and^{1−} √ 3 2 < t <^{1+} √ 3 2 . Then the kernel of D_T t is non-zero iff (M, g, J) is conformally equivalent to a K3-surface or a flat torus with their hyper-Kähler metrics.

Recall that the conformal scalar curvature of a Hermitian surface is the scalar curvature of the corresponding Weyl connection. In the following theorem we estimate the first eigenvalue of D_T 1 on compact Hermitian spin surface of non-negative conformal scalar curvature:

Theorem 1.2 Let (M, g, J) be a compact Hermitian spin surface of non-negative conformal scalar curvature. Then the first eigenvalue λ of D_T 1 satisfies the inequality

λ^2 ≥ 1 6 inf_M s,

(1.1)

where s is the scalar curvature of g. The equality in (1.1) is attained iff (M, g, J) is one of the following manifolds:

(i) a K3-surface or a flat torus with their hyper-Kähler metrics (ii) a Hopf surface with a metric of constant scalar curvature in the conformal class of the standard locally conformally flat metric and which is coordinate quaternionic with the opposite orientation (cf. [4]) and whose fundamental group is Z_m × Z (i.e. as a hypercomplex manifold with the opposite orientation it is one of the surfaces in the case (i) of Proposition 8 in [10]).

Remark: By calculations similar to those in [1] we obtain that on compact Hermitian spin surfaces of positive conformal scalar curvature k any eigenvalue λ of D_T 1 satisfies the inequality

λ^2 ≥ 1 3 inf_M k.

(1.2)

We do not know if there exist surfaces on which (1.2) turns into equality. Note that this is impossible on Kähler surfaces because of the estimate of Kirchberg [12].

2 Preliminaries

Let (M, g, J) be a Hermitian surface with complex structure J and compatible metric g. Denote by Ω the Kähler form, defined by Ω(X, Y ) = g(X, JY ). The volume form of g is ω =^1_2 Ω ∧ Ω. It is well-known that dΩ = θ ∧ Ω, where θ = δΩ ∘ J is the Lee form of (M, g, J). Recall that (M, g, J) is Kähler iff θ = 0; locally conformally Kähler iff dθ = 0; globally conformally Kähler iff θ = df for a smooth function f on M (in this case e^{−f} g is a Kähler metric). Let ∇ be the Levi-Civita connection of g and R and s – its curvature tensor and scalar curvature respectively (for the curvature tensor we adopt the following definition: R(X, Y, Z, W ) = g([∇_X , ∇_Y ]Z − ∇_{[X,Y ]}Z, W )). Recall that the *-Ricci tensor ρ^∗ and the *-scalar curvature s^∗ of M are defined by ρ^∗(X, Y ) = 4∑ i=1 R(e_i, X, JY, Je_i) = − 1 2 4∑ i=1 R(X, JY, e_i, Je_i)

s^∗ = 4∑ i=1 ρ^∗(e_i, e_i), where here and in the following {e_i} is a local orthonormal frame of the tangent bundle T M and {e^i} is its dual frame.

We also have (cf. [16]) s − s^∗ = 2δθ + |θ|^2. (2.3)

Note that on Kähler manifolds the Ricci and *-Ricci tensors coincide; in particular s = s^∗.

Now consider the Weyl connection determined by the Hermitian structure on M, i.e. the unique torsion-free connection ∇^W such that ∇^W g = θ ⊗ g. The conformal scalar curvature k is defined to be the scalar curvature of ∇^W . Equivalently, k is the *-scalar curvature of the self-dual Weyl tensor W_+, multiplied by^3_2 . The Weyl connection is invariant under conformal changes of the metric since if ~g = e^f g then ~θ = θ + df. Hence, ~k = e^{−f} k. (2.4)

We also have k = 3s^∗ − s 2 . Thus, it follows from (2.3) that k = s − 3δθ − 3 2 |θ|^2. (2.5)

Recall the definition of the set of canonical Hermitian connections [8]: For a real number t the connection ∇^t is defined by g(∇^t_X Y, Z) = g(∇_X Y, Z) − 1 2 g((∇_{JX} J)Y, Z) + t 4 (dΩ(JX, JY, JZ) + dΩ(JX, Y, Z)) or equivalently ∇^t_X Y = ∇_X Y − t + 1 4 θ(Y )X + t − 1 4 θ(JY )JX − t 2 θ(JX)JY (2.6) + t + 1 4 g(X, Y )θ^# − t − 1 4 g(X, JY )Jθ^#, where θ^# is the vector field dual to θ. We shal denote by Jθ the form dual to Jθ^#, i.e. Jθ = −θ ∘ J. The canonical Hermitian connections form an affine line (degenerating to a point in the Kähler case) determined by ∇^0 - the projection of the Levi-Civita connection into the affine space of all Hermitian connections, and ∇^1, which coincides with the Chern connection.

From now on we assume that (M, g, J) is spin manifold. Denote by ΣM its spinor bundle and let μ : T^∗M ⊗ ΣM −→ ΣM be the Clifford multiplication. Identifying T^∗M and T M via the metric we shall also consider μ as a map from T M ⊗ ΣM into ΣM. We shall often write the Clifford multiplication by juxtaposition, i.e. μ(α ⊗ ψ) = αψ, μ(X ⊗ ψ) = Xψ, α ∈ T^∗M, X ∈ T M, ψ ∈ ΣM. Since (M, g, J) is a Hermitian manifold, the choice of a spin structure on it is equivalent to the choice of a square-root K^12 of the canonical line bundle K [9]. Thus for the corresponding spinor bundle we have ΣM = Λ^{0,•}M ⊗ K^12 , where Λ^{0,•}M = Λ^{0,0}M ⊕ Λ^{0,1}M ⊕ Λ^{0,2}M. In particular, the spinor bundle ΣM splits as follows:

ΣM = Σ_0M ⊕ Σ_1M ⊕ Σ_2M,

(2.7)

where Σ_rM = Λ^{0,r}M ⊗ K^12 is the eigensubbundle with respect to the eigenvalue (2 − 2r)i of the Clifford action of the Kähler form Ω on ΣM (cf. [11]).

The half-spinor bundles Σ_±M are the eigensubbundles of the volume form ω with respect to its eigevalues ∓1 and we have

Σ_+M = Σ_0M ⊕ Σ_2M, Σ_−M = Σ_1M.

Let p_r : ΣM −→ Σ_rM, r = 0, 1, 2, be the projections with respect to the splitting (2.7). For convenience we denote Σ_{−1}M = Σ_3M = 0 and p_{−1} = p_3 = 0. Recall [11] that for X ∈ T M XΩ − ΩX = 2JX as endomorphisms of ΣM and for ψ ∈ Σ_rM Xψ = p_{r−1}Xψ + p_{r+1}Xψ, JXψ = −ip_{r−1}Xψ + ip_{r+1}Xψ, (2.8) p(X)ψ = p_{r+1}Xψ, p̄(X)ψ = p_{r−1}Xψ, (2.9) where p(X) =^1_2 (X − iJX), p̄(X) =^1_2 (X + iJX).

Any metric connection in the tangent bundle gives rise to a metric connection in the spinor bundle and it is easy consequence of (2.6) that

∇^t_X ψ = ∇_X ψ + 1 8 ((t + 1)Xθ + (t − 1)JXJθ + 2tθ(X) + 2tθ(JX)Ω)ψ (2.10) for X ∈ Γ(T M), ψ ∈ Γ(ΣM). In particular, we have

∇^t_X ψ_1 = ∇_X ψ_1 + t 4 (Xθ + θ(X))ψ_1, X ∈ Γ(T M), ψ_1 ∈ Γ(Σ_1M).

(2.11)

This follows from (2.10) and JXJY ψ_1 = XY ψ_1, X, Y ∈ Γ(T M), ψ_1 ∈ Γ(Σ_1M). (2.12)

The Kähler form Ω is parallel with respect to any Hermitian connection, so the Hermitian connections preserve the splitting (2.7).

Let ∇^′ be any metric connection on (M, g) with torsion T^′. The Dirac operator D^′ : Γ(ΣM) −→ Γ(ΣM) of ∇^′ is defined by D^′ = μ ∘ ∇^′ or equivalently by D^′ψ =

∑_4 i=1 e^i∇^′_{ei} ψ. Let D_T ′ =^1_2 (D^′ + D^{′∗}). Then D_T ′ is self-adjoint and the following formulae are proved in [3], Theorem 1.10: D_T ′ = D + 1 4 AT^′, (2.13)

D^2_T ′ = (∇^′)^∗∇^′ + s 4 + 1 4 dAT^′ − 1 8 |AT^′|^2, (2.14)

where D is the Dirac operator of the Levi-Civita connection, AT^′ is the antisymmetrization of T^′, AT^′(X, Y, Z) = g(T^′(X, Y ), Z) + g(T^′(Y, Z), X) + g(T^′(Z, X), Y ), and the connection ∇^′ is defined by ∇^′_X ψ = ∇_X ψ + 1 4 (ι_X AT^′)ψ, X ∈ Γ(T M), ψ ∈ Γ(ΣM), (2.15)

where ι_X is the interior multiplication operator. As shown in [8], the Dirac operator D^t of ∇^t is D^t = D − 3t 4 θ − 2t − 1 4 Jθ ∘ Ω. Hence, D_T t = D − 2t − 1 4 (θ + Jθ ∘ Ω). (2.16)

We also have AT^t = −(2t − 1)Jθ ∧ Ω (cf. [8]) and thus by (2.14) and (2.15) we obtain

D^2_T t = (∇^t)^∗∇^t + s 4 − 2t − 1 4 δθ.ω − (2t − 1)^2 8 |θ|^2, (2.17)

∇^t_X ψ = ∇_X ψ + 2t − 1 4 (JXJθ + θ(X) + θ(JX)Ω)ψ (2.18)

for X ∈ Γ(T M), ψ ∈ Γ(ΣM).

Using (2.5) to exclude δθ, we see from (2.17) that

D^2_T t ψ_+ = (∇^t)^∗∇^tψ_+ + ( t + 1 6 s − 2t − 1 12 k − (2t − 1)t 4 |θ|^2 ) ψ_+,

(2.19)

D^2_T t ψ_− = (∇^t)^∗∇^tψ_− + ( 2 − t 6 s + 2t − 1 12 k + (2t − 1)(1 − t) 4 |θ|^2 ) ψ_− (2.20)

for ψ_+ ∈ Γ(Σ_+M), ψ_− ∈ Γ(Σ_−M).

Recall (cf. [2]) that under a conformal change of the metric ~g = e^f g of a spin manifold (M, g) there is an identification ~ of the spinor bundle ΣM of (M, g) and the spinor bundle ~ΣM of (M, ~g) such that ~Xψ = ~X ~ψ, (2.21)

~αψ = ~α ~ψ, (2.22) ~∇_X ~ψ = ~∇_X ψ − 1 4 Xdf ~ψ − 1 4 Xf. ~ψ, (2.23)

where ψ ∈ Γ(ΣM), ~ψ ∈ Γ( ~ΣM) is the spinor corresponding to ψ, X ∈ T M, ~X = e^{− f}2 X, α ∈ T^∗M, ~α = e^f2 α, and ∇ and ~∇ are the Levi-Civita connections of g and ~g respectively.

Now, if (M, g, J) is a Hermitian surface, the Kähler form of (M, ~g, J) is ~Ω = e^f Ω and it follows from (2.22) that ~Ωψ = ~Ω ~ψ. (2.24)

Thus the eigensubbundles Σ_rM of Ω correspond to the eigensubbundles ~Σ_rM of ~Ω. The Lee form of ~g is θ + df and hence by (2.16), (2.21)-(2.24) we obtain ~D ~ψ = e^{− f}_2 ~Dψ + 3 4 df ~ψ, (2.25) ~D ~_T t ~ψ = e^{− f}_2 ~D_{T t} ψ − t − 2 2 df ~ψ − 2t − 1 4 Jdf ~Ωψ. (2.26)

In the following we shall denote by < ·, · > and | · | pointwise inner products and norms and by (·, ·) and ‖ · ‖ – the global ones respectively.

3 Proof of Theorem 1.1 and Theorem 1.2

Throughout this section (M, g, J) is a compact Hermitian spin surface.

Proposition 3.1 The dimension of the kernel of D_T t is a conformal invariant.

Proof: Since D_T t (Γ(Σ_±M)) ⊂ Γ(Σ_∓M), it is enough to show that dim Ker D_T t |_{Σ±M} is a conformal invariant. It follows from (2.26) and (2.8) that ~D ~_T t ~ψ_+ = e^{− f}_2 ~D_{T t} ψ_+ + t + 1 2 df ~ψ_+, ψ_+ ∈ Γ(Σ_+M), ~D ~_T t ~ψ_− = e^{− f}_2 ~D_{T t} ψ_− − t − 2 2 df ~ψ_−, ψ_− ∈ Γ(Σ_−M). Hence, ~D ~_T t (e^− t+1 2 f ~ψ_+) = e^{− t+2}_2^f ~D_{T t} ψ_+, ψ_+ ∈ Γ(Σ_+M), ~D ~_T t (e t−2 2 f ~ψ_−) = e^{t−3}_2^f ~D_{T t} ψ_−, ψ_− ∈ Γ(Σ_−M),

and these equalities prove Proposition 3.1. □

Proof of Theorem 1.1: By theorem of Gauduchon [7] there always exists a metric in the conformal class of g whose Lee form is co-closed. It follows from (2.4) and Proposition 3.1 that we can assume that g coincides with this metric. Hence, by (2.17) and (2.5) we obtain

‖D_T t ψ‖^2 = ‖∇^tψ‖^2 + 1 4 ((k +

3 − (2t − 1)^2 2 |θ|^2)ψ, ψ). But k +^{3−(2t−1)2}_2 |θ|^2 ≥ 0 for^{1−} √ 3 2 < t <^{1+} √ 3 2 . Thus it follows that 0 ≠ ψ ∈ Ker D_T t iff ∇^tψ = 0, k = 0 and θ = 0. The condition θ = 0 means that (M, g, J) is Kähler and in this case

∇^t = ∇. The existence of a parallel spinor with respect to the Levi-Civita connection implies that the manifold is a K3-surface or a flat torus with their hyper-Kähler metrics (cf. [9] or [14]). Conversely, any of these manifolds admits a parallel spinor in the spin structure given by the trivial square-root of the canonical line bundle. □

We begin the proof of Theorem 1.2 by the following simple lemma:

Lemma 3.2 Let λ ≠ 0 be an eigenvalue of D_T t . Then there exist eigenspinors ψ_+ ∈ Γ(Σ_+M) and ψ_− ∈ Γ(Σ_−M) for the eigenvalue λ^2 of D^2_{T t} .

Proof: Let ψ ≠ 0 be an eigenspinor of D_T t for λ and ψ = ψ_+ + ψ_−, ψ_± ∈ Γ(Σ_±M). Then D_T t ψ_± = λψ_∓. Thus ψ_± ≠ 0 and D^2_{T t} ψ_± = λ^2ψ_±. □

Proof of Theorem 1.2: When inf_M s ≤ 0 the inequality (1.1) is trivially satisfied. So we can assume that inf_M s > 0. Since neither of the manifolds in Theorem 1.1 admits a metric of non-negative non-identically zero scalar curvature (the K3-surfaces has non-zero Â-genus and for the torus see [15]), we obtain that Ker D_T 1 = 0. Hence λ ≠ 0 and by Lemma 3.2 we have an eigenspinor ψ_− ∈ Γ(Σ_−M) of D^2_{T 1} with respect to λ^2. Thus (2.20) yields

λ^2‖ψ_−‖^2 = (D^2_T 1 ψ_−, ψ_−) = ‖∇^1ψ_−‖^2 + (( s 6 + k 12 )ψ_−, ψ_−)

and since k ≥ 0, we obtain that λ^2 ≥^1_6 inf_M s.

Now we proceed with the proof of the second part of the theorem. When inf_M s = 0 the kernel of D_T 1 is non-trivial. Then it follows from Theorem 1.1 that (M, g, J) is conformally equivalent to a K3-surface or a flat torus. Since the scalar curvature is non-negative, we obtain that (M, g, J) is one of the manifolds in (i).

When s > 0 the calculations in the first part of the proof show that there is an equality in (1.1) iff s = const, k = 0 and ∇^1ψ_− = 0. It follows from (2.11), (2.12), (2.18) that on Σ_−M ∇^1 = ∇^1 and hence the condition ∇^1ψ_− = 0 may be replaced by ∇^1ψ_− = 0. Note that the Chern connection restricted to sections of Σ_−M coincides with the connection considered in [14] and called there ”the Weyl connection”. Hence, as proved in [14], a parallel spinor in Σ_−M with respect to the Chern connection gives rise to a hyper-Hermitian structure on M with the opposite orientation and Lee form θ. A hyper-Hermitian 4-manifold is conformally equivalent to a K3-surface or a flat torus or a coordinate quaternionic Hopf surface [4]. But s > 0 and thus (M, g, J) with the opposite orientation has to be a coordinate quaternionic Hopf surface, whose Lee form is the same as that of J. Now it is easy to see that the fundamental group of M has to be Z_m × Z. This shows that (M, g, J) is one of the Hopf surfaces in item (i) of Proposition 8 in [10]. Conversely, any of these surfaces admits a parallel spinor in Σ_−M with respect to the Chern connection in the spin structure given by the trivial square-root of the canonical line bundle. □

Remark 1: Let (M, g, J) be as in Theorem 1.2. If 0 < t <^1_2 , then it follows from (2.19) that the first eigenvalue λ of D_T t satisfies the inequality

λ^2 ≥ t + 1 6 inf_M s.

The equality is attained iff s = const, k = 0, θ = 0 and there exists ψ_+ ∈ Γ(Σ_+M) such that ∇^tψ_+ = 0. But the condition θ = 0 means that (M, g, J) is Kähler and in this case ∇^t = ∇, so as in the proof of Theorem 1.1 the manifold is a K3-surface or a flat torus with their hyper-Kähler metrics.

Similarly, for^1_2 < t < 1 it follows from (2.20) that the first eigenvalue λ of D_T t satisfies

λ^2 ≥ 2 − t 6 inf_M s

and the equality is attained iff the manifold is hyper-Kähler.

The above estimates can be extended for t =^1_2 (and the condition k ≥ 0 is not necessary), but in this case (2.16) and (2.18) show that D_T 1_2 = D, ∇^{12} = ∇ and (2.17) is the well-known Lichnerowicz formula for D. So, again the equality occurs only on hyper-Kähler manifolds. Now let t = 0. Comparing (2.16) with formula (2.16) in [1], we see that D_T 0 coincides with the Dolbeault operator of K^12 . Thus from Theorem 1.2 in [1] we obtain that the first eigenvalue of D_T 0 also satisfies (1.1) and the equality is attained iff (M, g, J) is a K3-surface or a flat torus with their hyper-Kähler metrics, or a Hopf surface with a metric of constant scalar curvature in the conformal class of the standard locally conformally flat metric and which is coordinate quaternionic with the same orientation.

Remark 2: Let π_r : T^∗M ⊗ Σ_rM −→ Ker μ|_T ∗_{M⊗Σr M} , r = 0, 1, 2, be the orthogonal projections. It is easy to see that π_r(α ⊗ ψ) = α ⊗ ψ + 1 2(r + 1) 4∑ i=1 e^i ⊗ p̄(e^i)p(α)ψ (3.27)

+ 1 4 − 2(r − 1) 4∑ i=1 e^i ⊗ p(e^i)p̄(α)ψ, where p(α) =^1_2 (α − iJα), p̄(α) =^1_2 (α + iJα).

The twistor operators of the Hermitian connection ∇^t are the differential operators P^t_r : Γ(Σ_rM) −→ Γ(T^∗M ⊗ Σ_rM) defined by P^t_r = π_r ∘ ∇^t. By analogy with the Kähler twistor spinors of [12] we shall call the spinors in the kernel of P^t_r Hermitian twistor spinors with respect to ∇^t. It follows from (3.27) that

P^t_1ψ_1 = ∇^tψ_1 + 1 4 4∑ i=1 e^i ⊗ e_iD^tψ_1, ψ_1 ∈ Γ(Σ_1M)

By calculations similar to those in [1] we obtain

‖D_T 1 ψ_1‖^2 = 4 3 ‖P^3_1 ψ_1‖^2 + 1 3 (kψ_1, ψ_1).

Thus if k > 0 any eigenvalue λ of D_T 1 satisfies the inequality (1.2) and the equality is attained iff k = const and there exists Hermitian twistor spinor ψ_1 ∈ Γ(Σ_1M) with respect to ∇^3. We do not know if there exist surfaces on which (1.2) turns into equality. Note that this is impossible on Kähler surfaces because of the estimate of Kirchberg [12], according to which the first eigenvalue λ of D satisfies λ^2 ≥^1_2 inf_M s.

For t = 0 it follows from Theorem 1.3 in [1] that if k > 0, then any eigenvalue λ of D_T 0 satisfies

λ^2 ≥ 1 2 inf_M k.

References

[1] B. Alexandrov, G. Grantcharov, S. Ivanov, The Dolbeault operator on Hermitian spin surfaces, e-print, math.DG/9902005.

[2] H. Baum, T. Friedrich, R. Grunewald, I. Kath, Twistor and Killing spinors on Riemannian manifolds, Seminarbericht 108, Humboldt Universität Berlin, 1990.

[3] J.-M. Bismut, A local index theorem for non-Kähler manifolds, Math. Ann. 284 (1989), 681 − 699.

[4] C. Boyer, A note on hyperhermitian four manifolds, Proc. Amer. Math. Soc. 102 No 1 (1988), 157 − 164.

[5] T. Friedrich, Der erste Eigenwert des Dirac operators einer kompakten Riemannischen Manningfaltigkeit nichtnegativer Skalarkrümung, Math. Nachrichten 97 (1980), 117 − 146.

[6] T. Friedrich, The classification of 4-dimensional Kähler manifolds with small eigenvalue of the Dirac operator, Math. Ann. 295 (1993), 565 − 574.

[7] P. Gauduchon, Le theoreme de l’excentricité nulle, C. R. Acad. Sci. Paris Ser. A 285 (1977), 387 − 390.

[8] P. Gauduchon, Hermitian connections and Dirac operators, Bol. U. M. I. ser. VII, vol. XI-B, supl. 2 (1997), 257 − 289.

[9] N. Hitchin, Harmonic spinors, Adv. Math. 14 (1974), 1 − 55.

[10] M. Kato, Compact Differentiable 4-folds with Quaternionic Structures, Math. Ann. 248 (1980), 79 − 96.

[11] K.-D. Kirchberg, An estimation for the first eigenvalue of the Dirac operator on closed Kähler manifolds of positive scalar curvature, Ann. Glob. Anal. Geom. 4 (1986), 291 − 325.

[12] K.-D. Kirchberg, The first eigenvalue of the Dirac operator on Kähler manifolds, J. Geom.

Phys. 7 (1990), 447 − 468.

[13] M.L. Michelsohn, On the existence of special metrics in complex geometry, Acta Math. 143 (1982), 261 − 295.

[14] A. Moroianu, Structures de Weyl admettant des spineurs parallèles, Bull. Soc. Math. Fr.

124, N4, (1996), 685 − 695.

[15] R. Schoen, S.-T. Yau, The structure of manifolds of positive scalar curvature, Man. Math.

28 (1979), 159 − 183.

[16] I. Vaisman, Some curvature properties of complex surfaces, Ann. Mat. Pura Appl. 132, (1982), 1 − 18.

[17] M. Wang, Parallel spinors and parallel forms, Ann. Glob. Anal. Geom. 7 (1989), 59 − 68.

Authors’ address:

Bogdan Alexandrov, Stefan Ivanov University of Sofia, Faculty of Mathematics and Informatics, Department of Geometry, 5 James Bourchier Blvd, 1126 Sofia, BULGARIA. E-mail: B.Alexandrov: alexandrovbt@fmi.uni-sofia.bg

S.Ivanov: ivanovsp@fmi.uni-sofia.bg