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Abstract A specified version of the classical Gibbs approach (for the so-called 
idealized description) is applied to get a mathematical model for the surface electrostatics 
of alveolus capillary vessels, in the human circulatory system, as a case of heterogeneous 
media. The found explicit formula for the electric potential relates to diagnostic methods 
in analyzing vessel-anomalies. It is solved a space-boundary transmission problem of an 
unconventional type, in spite of the equivalent surface phases surrounding a defect-line 
for a capillary. The potential-formula is established under the more general assumptions 
for existence of asymptotic surface power and nonlinear potential-dependence to the 
electric charges at the anomaly-contour.  

 
1. Introduction. 
A large segment of the natural sciences have been intensively engaged, since most 

of twenty years, to surface phenomena problems and the electrostatic properties of matter 
have been taken as the basic framework in the investigations. Two main directions of the 
said topics concern the surface nucleation phenomena in gas-liquid systems (see e.g. [16], 
[18], [2], [20]) – as a first example, and – as a second – the structure of semi conducting 
films of air-crystal media, via the technological interest to the films-growth and 
roughness (e.g. [14], [9], [6], [19]). After the important results in [1], the electrostatic 
viewpoint of heterogeneous material systems has been applied in most of the 
investigations. Note, as a next extension of the field, the recent studies on cell biology 
problems ([5]). By a precision of the tools in [2], a generalized method, based on the 
Gibbs ([8]) idealizing treatment, has been lately discussed ([17]) in cases of more 
complex heterogeneity. This is the case when the system is considered as a material 
composition of distinct bulk (3D), surface (2D) and line (1D) phases, under a model, 
estimated as enough adequate to the real phenomena. The contemporary problem now is 
centered in detecting the surface values of the electric potential.  
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We shall follow here the method from [17] to an air-air 3D material system (see 
Fig.1, below), with a flat (2D) organic interface, known as lamina basalis, cleft in two 
sub-phases by a (straight) line of functionally anomalous intercellular spaces (holes). The 
said construction is introduced as an admissible version of the real situation: a 3D 
localization is made to a capillary (practically cylindrical) vessel in the human white liver 
and the vessel-wall is (functionally) identified with its middle layer (the said lamina 
basale). Certain anomalies, in the air transfer, are presumably located on a curved 
(circular) line segment of lamina, across to the vessel-axis. Stretching (locally) the curved 
anomaly-line (and the surrounding cylindrical surface, together), we get the above-posed 
(flat-interfaced) construction. (We refer for the used notions e.g. to [13].) The presence of 
two-side bulk air phases is due to the anomalous air transfer: the outgoing stage gets 
blocked, after a previous air invasion. (See Sect. 2, for some additional phenomena-
comments.) 

 
 
 
 

 
 

Fig. 1   
 
 

This way we have given a typical case of 3-2-1 D heterogeneity, schematically 
shown on Fig. 1, above. The organic lamina-film is presented as the plain 0z =  
(regarding a Cartesian ( , , )x y z - coordinate system). A surface set of points (intercellular 
functional holes), with defective air permeability, is shaped a specific straight-line 
contour (the Oy  - axis, Fig. 1). It separates the surface film into electrostatic equivalent 
halves – 2D material phases and plays, by a functional necessity, the role of an 
autonomous and materially homogeneous 1D phase. The air bulk phases will be treated 
as homogeneous and of vacuum; they fill respectively the upper semi-space, 0z >  - the 
external to the capillary air medium, and - the lower one, 0z <  - the internally blocked 
air. Thus the considered heterogeneous system includes upper and lower 3D vacuum sub-
phases and a complex-structured organic interface (with a special role of a line phase). 

We shall seek an explicit expression primarily for the interface electric potential 
of the system (as noted, it is the key factor in the electrostatics of complexly 
heterogeneous media). In the present study we follow the above-mentioned specified 
way, due to Radoev (e.g. [17]) - for mathematical modeling of electrostatics to the said 
type of heterogeneous media. The method introduces an extension of the Gibbs ([8]) 
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idealizing approach and the Bedeoux-Vlieger ([2]) singular formalization of step 
transitions. For a short illustration to the method-essence, suppose given a material 
system of two near-by bulk phases ,B B− + , with a common surface boundary S, 
consisting, as a material carrier, in two distinct 2D-phases, ,S S− + . Additionally, the 2D 
(sub-) phases are separated by a line l – as a 1D material carrier, assumed homogeneous. 
From the viewpoint of a general modeling procedure, two basic tools have to be applied: 
the Maxwell electrostatic system, as a constituting-phenomena low - for the whole 
{ }B S B− +∪ ∪ - medium; two (or several) heterogeneity stages for introduction of 
material electrostatic characteristics: 

(1.1)    s sG G G Gη η δ− − + += + + ; 
(1.2)    s s s s s l lG G G Gη η δ− − + += + + . 

Above G  is a total electrostatic characteristic, distributed on the whole 3D medium. It is 
uniquely determined, under the singular decompositions (1.1), (1.2), by an ordered set of 
quantities, ( ; ; )l sG G G± ± . These quantities are supposed quasi-constants – i.e. constants or 
asymptotically constants and present the values of G  on the sub-phases, of different sub-
spaces and dimensions. In particular, sG  introduces the values of G  on the surface S, by 
its singular decomposers sG± , characterizing respectively the surface sub-phases S ± . The 
1D phase l, supposed homogeneous, is materially endowed by the quantity lG . In (1.1) 
η+  (η− ) is the (Heaviside) characteristic function for B+  ( B− ) and sδ  is the Dirac delta-
function, supported on the surface S. Next, by analogy, in (1.2) sη+  ( sη− ) is the 
characteristic function (defined on S) for the semi-surface S +  ( S − ) and lδ  is the Dirac 
delta-function, supported on l.  

On Fig.1 S is the plain 0z = ; l is a straight line (the Oy  axis). The air – air 
system is homogeneous however on the y -direction (because of the assumed 
homogeneity of the anomaly-line) and the electric potential ( , , )u u x y z=  depends 
consequently on ,x z  only, i.e. ( , )u u x z= .  

Applying systematically the above double-leveled scheme ((1.1)-(1.2)) in 
reworking of the Maxwell system (see Sect. 2), we establish the following final 
formulation to the sought mathematical model: 

(1.3)   2 10 ( 0),u z x R∇ = ≠ ∈ ; 
(1.4)   2| | ., ( , )u const x z R≤ ∈ ; 
 
 a)  1( , 0) ( , 0),u x u x x R+ = − ∈ ; 
(1.5) 
 b)  2( , 0) ( , 0) ( )b z b z s xx s su x u x u k uε ε ε ε ϕ+ −

∞+ − − + = − , 0x ≠ ; 
 
(1.6)   ( ,0) , ( ,0)u uϕ ϕ− +

∞ ∞−∞ = +∞ = ; 
 
 a)  ( 0,0) ( 0,0)u u− = + ; 
(1.7) 
 b)  ( 0,0) ( 0,0) [ ]s x s x lu u uε ε β+ −+ − − = − . 
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In (1.3) 2 2 2

x z∇ ≡ ∂ + ∂  is the La Place operator; , ,x z xxu u u  are first or second order 
derivatives regarding the relevant variable; ( , 0)u x + , ( , 0)u x −  are respectively the limits 
(supposed finite) 

0
lim ( , )
z

u x z
→

 (at 0z >  or 0z < ), and, by analogy – for ( , 0)zu x + , 

( , 0)zu x − ; 
0

( 0,0) lim ( ,0)
x

u u x
→

± =  and 
0

( 0,0) lim ( ,0)x xx
u u x

→
± = , respectively at 0, 0x x> < , 

both - for ( 0,0)u ±  and ( 0,0)xu ± ; ( ,0) lim ( ,0)
x

u u x
→±∞

±∞ = . Parameters bε  and ,s sk ε  are 

the main factors of the system-electrostatic nature; they are given step constants: 
( 0)b b zε ε += > , ( 0)b b zε ε −= < , ,b bε ε+ −  -- positive (and different - in the more general 

situations); ( 0)s sk k x+= > , ( 0)s sk k x−= <  - in (1.5), with positive sk + , sk − ; by analogy, 
( 0)s s xε ε += > , ( 0)s s xε ε −= <  - in (1.5), (1.7), with 0sε + > , 0sε − >  - constants. The 

material meaning of parameter sk  is expressed by the quantity 1 1
s

s

k
k

− = , known as the 

surface Debye length (e.g. [17]). Parameters bε , sε  are respectively the bulk and surface 
dielectric permitivities, with ( )b bε ε+ − , ( )s sε ε+ −  - for the relevant bulk and surface phases. 
The asymptotic values of the potential are prescribed by the parameter ϕ∞  (a given 
quantity): ϕ ϕ ±

∞ ∞=  (at 0, 0x x> < ), where ,ϕ ϕ+ −
∞ ∞  are real, generally different constants; 

the parameter [ ]l l uβ β=  enters as 
0

l
l

ρβ
ε

=  by [ ]l l uρ ρ=  -- the density of the electric 

charges (supposed depending on potential u , Sect. 2) upon the line phase; 
0 8.85 /pF mε =  is the so-called absolute dielectric permitivity. (Above mR  is the real m 

– dimensional Euclidean space, 1, 2,...m = .) 
In the equations (1.3) – (1.7), it is given a surface-line boundary problem of (new 

variant) transmission type - for the La Place equation (see (1.3)), regarding potential u. 
As already noted (e.g. in [3]), the essential differences, with the conventional one (cf. e.g. 
[4]), consist in the two, 2D and 1D (reduced actually to 1D and 0D – from the y -
symmetry), interface conditions, including a second order differential term (see (1.5), 
(1.7)) The linear inclusion of u (in (1.3) and the term with 2

s sk uε ) follows by taking the 
linear approximations (assumed adequate, see Sect. 2) of the relevant expressions for the 
bulk and surface charge density. By arguments of phenomenology, potential u will be 
searched for a bounded function (condition (1.4)), continuous in 3R , classically regular in 
the sets 0z ≠  and 0 ( 0)x z≠ = , with continuous gradients zu , xu , respectively at 0z ≥ , 

0z ≤  (for zu ), and 0 ( 0)x z≠ =  -- for xu . Summarizing the said requirements (for the 
potential), as a definition, the noted class of functions, satisfying the additional property 

2( ,0)u x Lϕ∞− ∈  and relations (1.3) – (1.7) shall be called classical solutions to the 
problem (with 2L  - the space of the squared-integrable functions). 

The problem (1.3)-(1.7) shall be solved, assuming (as already noted) the upper 
and lower air phases ( 0, 0z z> < ) as identical with vacuum; i.e. we have the assumption: 

 
(1.8)    1b bε ε− += = . 
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As known, the key device in solving (1.3)-(1.7), this is the preliminary 
determination (by an explicit formula) of the surface potential. (Recall that such a 
solution formula is known from [17] and applied later in [19], but at the simpler case of 
ϕ ϕ+ −

∞ ∞= .) 
In Sect. 2 we begin with short comments on the phenomenology to the real 

surface structure of a single alveolar capillary vessel, as a special element in the human 
circulatory system, via the physiological necessity of the oxygen transfer. Next it is 
sketch the derivation of mathematical model (1.3)-(1.7). In Sect. 3 a basic presentation is 
found, for the surface potential and the related explicit formula is shown in case of charge 
parameter lβ , independent on potential, and assumed as a prescribed constant. In Sect. 4, 
as concluding remarks, two simple, but essential, cases of the non-linearity [ ]l uβ  are 
shortly discussed regarding the solvability problem and a modified solution-formula is 
obtained, for the potential. Note the new moment here (in a comparison with [17]) 
coming from the nonlinear boundary condition (1.7.b). 

 
2. Elements of phenomenology and mathematical modeling. 
The general situation shows, in various samples of real heterogeneous matters 

(gas-liquid, in particular – gas-organic plasma, or air-solids), the so-called interfaces as 
actually bulk, but nanometers-scaled, transition zones (in particular, vessel-walls), treated 
as material 2D formations. 

The interest of tools for biomedical detections of anomalies in the human 
circulatory system, via the walls-structure of the blood vessels, is directly motivated from 
the quite specific ruling function of the wall-layers. To recall and clarify the main 
(simplified) viewpoints here (cf. e.g. [13]), we assume a stretched location of the wall, as 
the flat surface ( 0z = ) on Fig. 1. In reality this is a 3D organic threefold layer, deep not 
less than 120-180 nm. In our model we identify this layer with its middle part, of 
corpulence about 40-60 nm - it is just the so-called lamina basale (midmost) sub-layer - 
neglecting the upper (external) and lower (internal) ones. The neglected (internal and 
external) wall-layers, built respectively of endothelian and adventitale cells, as a short 
description, are considered with a secondary role (compared to lamina basale). As 
known, acting as a typical bio-membrane, lamina basale is the main factor for the oxygen 
transfer to the blood. It is a polysacharide-matter, of fine fibers structure. Via the Gibbs 
approach (and taking into account the ratio of the wall corpulence to the radius of the 
capillary vessel, which is 1<< ), we consider lamina basale layer as infinitely thin; thus 
we get an interface film of lamina basale matter (see the plain 0z =  on Fig. 1) in an air-
blood (vacuum-blood) heterogeneous 3D media. On the said 2D lamina film it is 
(uniformly) distributed a set of points – presenting the holes (tunnels, in reality radial to 
the vessel axis and known as intercellular spaces), which provide the oxygen contact to 
the blood; they are assumed however of certain functional anomaly, extremely activated 
on a relatively narrow strip (interpreted as a straight-line - the Oy -axis, Fig. 1). Thus an 
air volume left involved between the blood and the surface, shaping an internal (lower, on 
Fig.2) air bulk phase; moreover, a specific 1D phase (of the extreme anomaly) is 
appeared (Oy -axis, Fig. 1). Interpreting the air zones as vacuum ones, we get that way 
the final constriction of the complex heterogeneous system under consideration (Fig. 1). 
The system consists in upper and lower vacuum bulk phases and a lamina-interface (as a 
2D film). The interface structure includes two distinct (2D) halves; denote them by 

,P P− +  (see the semi-planes 0 ( 0)x z< =  and 0 ( 0)x z> =  on Fig. 1 above). They are 
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treated, according to Gibbs, as materially (electrostatic) equivalent, but of different 
(electrostatic) nature, compared with the straight-line phase l  ( l Oy= , Fig. 1). To 
forecast certain influence of neighbouring vessel-zones, surface sub-phases ,P P− +  are 
presumed with prescribed values ( ,ϕ ϕ− +

∞ ∞ ) of the electric potential, far from the phase 
contour l . 

The next stage of this section is to sketch the basic step of modeling. Via the 
introduced framework (see Sect. 1) the key tool for description of electrostatic 
phenomena in complex media relates to the Maxwell system (in case of dielectrics, e.g. 
[15], [12]): 

 
(2.1)    a) .∇ D ρ= ;  b) D 0 uε ε= − ∇ . 
 
Here ∇  is the nabla operator, D is the vector of the electric induction ([15]), 

called also (in Electrochemistry, e.g. [11]) electric displacement, .∇ D is the formal scalar 
product of the vectors nabla and D, i.e. .∇ D div= D; ρ  is the charge density; ε  is the 
relative dielectric permitivity for the relevant part of the medium (in particular bε ε −= , at 

0z < , sε ε= , at 0, 0z x= ≠ ); u is the electric potential, ( )u grad u∇ = , where ( )u−∇  
represents the electric field, propagated in the whole 3D material system. Equations (2.1) 
hold for the total (3D) system and, as known, potential u is a continuous function of 
( , , )x y z , in spite of the various material phases; the heterogeneity of the system is 
indicated however mainly by the quantities D and ρ  (note that the permitivity ε  enters 
in these quantities). Next, from the singular decomposition principle (Sect.1, (1.1)-(1.2)), 
applied now for G = D and G ρ= , we come to the following problem. Find the 
(admissibly regular) solutions (D, u) to (2.1), corresponding to the said singular 
decompositions. 

Remark: Equation (2.1.b) is realized as equivalent to the system 
 

        {D 0 uε ε= − ∇  ( 0z ≠ ), 2
0 ( ) ( 0, 0)s s x sD u z xτ ε ε= − ∂ = ≠ , 0 ( 0, 0)lD z xτ = = = }. 

 
Here sDτ , lDτ  are the tangential, respectively to the plain 0z =  and the contour l, 

components of these vectors, denoted by Ds, Dl, which represent the field D via the 
singular decompositions (1.1)-(1.2); ( 0)su u z= = . We have taken into account the 
symmetry on the y -direction, i.e. ( , )u u x z= . 

Now, combining the Maxwell electrostatic lows and the two-leveled 
decomposition scheme, we find, as an initial version of the needed model, the following 
system regarding the basic quantities (the various bulk, surface and line phases enters 
then clearly distinguished): 

 
(2.2.a)    .∇ (Db)+ = bρ +  ( 0z > ), .∇ (Db)- = bρ −  ( 0z < ); 
 
(2.2.b)    (Db)+ = 0 . ( 0)b u zε ε +− ∇ > , (Db)- = 0 . ( 0)b u zε ε −− ∇ < ; 
 
(2.3.a)    ( ,0) ( ,0) .z z

sD x D x+ −− + ∇ Ds = sρ  ( 0, 0z x= ≠ ); 
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(2.3.b)    Ds = 0 . ( 0, 0)s s su z xε ε− ∇ = ≠ ; 
 
(2.4)    , ,x x

s s lD D ρ+ −− = . 
 

Above we have applied decompositions (1.1), (1.2) in several specified cases: 
 

( ) ( ) ( )b b sz z zρ ρ η ρ η ρ δ− − + += + + ; s s s s s l lρ ρ η ρ η ρ δ− − + += + + ;  
D = (Db)- ( )zη−  + (Db)+ ( )zη+  + Ds ( )zδ . 
 

Here ( )zη+ / ( )zη−  are respectively the Heaviside forward/backward functions (i.e. 
( ) 1zη+ = , at 0z > , ( ) 0zη+ = , at 0z < , ( ) ( )z zη η− +≡ − ) and ( )zδ  is the Dirac delta-

function, supported at 0z = ; 1sη− = , at 0z = , 0x <  and 0sη− = , at 0z = , 0x > , by 
analogy: 1sη+ = , at 0z = , 0x >  and 0sη+ = , at 0z = , 0x < ; next, lδ  is delta-function, 
supported on the line : 0l x = , and we shall also use the notation ( )xδ , for lδ ; s∇ is the 

tangential (to 0z = ) component of the nabla operator ∇  and ,x
sD + , ,x

sD −  are the relevant 

limits (assumed finite), at 0x ≠ , for the normal to l component x
sD of Ds. (Note that the 

used derivations of the Heaviside and Dirac delta-functions are taken in the Schwartz 
distributions meaning, e.g. [21], [10].) 

Next, let us comment the charge density term ρ  in (2.1). It should be noted here 
that ρ  depends on the space variables by the potential u, i.e. [ ]uρ ρ= . The said 
dependence is well known for electrolytes by the Gouy-Chapmann theory, where [ ]uρ  is 
expressed by the so-called Boltzmann distribution (see e.g. [11]). In case of vacuum it 
holds the relation [ ] ( ) (| | 1)u o u uρ = <<  and for the linear approximations 

, ,[ ], [ ]b L b Lu uρ ρ− + , respectively of [ ], [ ]b bu uρ ρ− +  we shall have , ,[ ] [ ] 0b L b Lu uρ ρ− += = . Now 

we are going to take in (2.2)-(2.4) the linear approximations of ,b sρ ρ±  instead. A 
preliminary motivation to do that follows from the argument that the polysaharidean 
matter of the interface admits to consider it as a lipid medium, where the potential-
magnitude can be assumed relatively smaller than the basic ratio (RT0)/F, which yields 
that linear approximations become acceptable (F, R, T0 are – as follows – the so-called 
Faraday and gas constants, and the absolute temperature). The Boltzmann principle, 
apllied for surfaces, suggests (e.g. [17]) dependences [ ]s s uρ ρ ϕ± ±

∞= − , to the surface 
phases, with 2

, 0[ ] ( ) .( )s L s su k uρ ϕ ε ϕ± ±
∞ ∞− = − − , for the linear approximations. On the 

linear (1D) phase, the contour l Oy= , we prefer however a nonlinear Boltzmann type 
model [ ]l l uρ ρ= , forecasting possible unknown complications, close to the line contour. 

Then the second basic step of modeling is to introduce the above-commented 
(linear) approximation. Inserting the relevant approximants instead, in (2.2)-(2.4), we get: 

 
(2.5.a)    .∇ (Db)+ = 0 ( 0z > ), .∇ (Db)- = 0 ( 0z < ); 
 
(2.5.b)    (Db)+ = 0. ( 0)u zε− ∇ > , (Db)- = 0. ( 0)u zε− ∇ < ; 
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(2.6.a)    .z z

sD D+ −− + ∇ Ds = 2
0 ( )s s sk uε ε ϕ∞− −  ( 0, 0z x= ≠ ); 

 
(2.6.b)    Ds = 0 . ( 0, 0)s s su z xε ε− ∇ = ≠ ; 
 
(2.7)    , , [ ]x x

s s lD D uρ+ −− = . 
 

In the right hand sides of the equations in (2.5.a) we have taken into account the vacuum-
conditions (except the electro-neutrality-hypothesis for the total 3D medium). 

Finally, it remains to apply a slight reworking on the above-posed, (2.5)-(2.7) – 
stage, of the model We shall firstly express (Db)+, (Db)- in (2.5.a) by the right hand sides 
from (2.5.b) and come this way to the La Place equations from (1.3). (Note that condition 
(1.4) corresponds to the physical nature of the potential – to be a bounded and continuous 
function of ( , , )x y z .) Looking to the next relations in the problem (1.3)-(1.7), the 
included-ones in (1.5.a), (1.7.a) show that potential stays continuous across the transition 
surfaces and lines. On the other hand condition (1.6) introduces the asymptotic value of 
the surface potential su  - they are considered as experimentally known (gauged) data. 
Secondly, we replace Ds in (2.6.a) by the right hand side of (2.6.b) and use that 

0( ,0) ( , 0)z
b zD x u xε ε +

+ = − + , 0( ,0) ( , 0)z
b zD x u xε ε −

− = − − , with 1bε ± = . Thus we get, from 
(2.6), the specific jump condition (1.5.b). Concerning the second jump-condition for the 
electric field (see (1.7.b)), recall that 0l lρ ε β=  and ,

0 ( 0,0)x
s s xD uε ε± = − ± . 

Thus the derivation of the final variant (1.3) – (1.7), posed in Sect. 1, is completed 
and the sought mathematical model is presented as a two-leveled (surface-line) 
transmission problem. 

 
3. Explicit expressions to the surface electric potential. 
Our main goal here will be to find presentations of an explicit type, for the surface 

values ( ,0)u x  of the electric potential and a final formula in the linear case of the charge 
density lρ , i.e. [ ] .l t constβ ≡ . We shall use the x - Fourier transformation of potential 

( , )u x z . 
If ( , )u u x z=  is a classical solution to problem (1.3) – (1.7), let us denote by 

ˆ( , )u zξ  the (partial) Fourier transformation of ( , )u x z  - with respect to x , where ξ  is the 
dual to x  variable. The following conventional expressions shall be taken into account: 

 

(3.1)  ˆ ( ) ( ) exp( )x ix dxξ ξΦ = Φ −∫ ; 1 ˆ( ) ( ) exp( )
2

x ix dξ ξ ξ
π

Φ = Φ∫ . 

 
In (3.1) Φ  is supposed (for the sake of simplicity) in the Schwartz class of the fast 
decreasing functions (e.g. [10]) and the integrations are taken from −∞  to + ∞ . Applying 
the x -Fourier transformation to the relations in (1.3), we find ordinary differential 
equations (regarding z), which, because of (1.4), yield for ˆ( , )u zξ  the known 
presentations: 
 

(3.2)  `  ˆ ˆ( , ) ( ) exp( | || |), 0u z z zξ ϕ ξ ξ= − ≠ . 
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Above ( ) ( ,0)x u xϕ =  and ϕ̂  is the Fourier map of ϕ . The jump term in (1.5.b) can be 
then expressed by the following way: 
 
 

(3.3)    ( , 0) ( , 0) [ ]z zu x u x L ϕ+ − − = , 
ˆ ˆ( [ ])( ) 2 | | ( )L ϕ ξ ξ ϕ ξ≡ − . 

 
It is clear that in (3.3) it is given a linear operator : [ ]L Lϕ ϕ→ , acting from 1

2 ( )L R  into 
the Sobolev space 1 1( )H R−  (we refer e.g. to [10], for the kH -spaces of Sobolev). With 
the said operator the system (1.3) – (1.7) is splitting in two separate types of problems: 
 

The Diriclet problems – 
(3.4.a)   2 0 ( 0)u z∇ = ≠ ; 
(3.4.b)    ( ,0) ( ), ( , )u x x xϕ= ∈ −∞ +∞ ; 
 
The boundary transmission problem –  
(3.5.a)    2[ ] ( ), 0, 0s s sL k z xϕ ε ϕ ε ϕ ϕ∞′′+ = − = ≠ ; 
(3.5.b)    ( )ϕ ϕ ±

∞±∞ = , ( 0) ( 0)ϕ ϕ+ = − ; 
(3.5.c)    [ ( 0) ( 0)] [ ]s lε ϕ ϕ β ϕ′ ′+ − − = − . 
 

We have used the notations ϕ′  andϕ′′  respectively for the first and second derivative of 
( )xϕ  and ( )ϕ ±∞ , ( 0)ϕ + , ( 0)ϕ − , ( 0)ϕ′ + , ( 0)ϕ′ −  - for the relevant limits. By the 

substitution ( ) ( )x xψ ϕ ϕ∞≡ −  we shall reduce the problem (3.5) into a simpler one. Let 
us firstly calculate the quantity [ ]L ϕ  by [ ]L ψ ; if set [ ]σ ϕ ϕ ϕ+ −

∞ ∞ ∞= +  and 

ϕ ϕ ϕ+ −
∞ ∞ ∞Δ = − , we get 1[ ] [ ] ( [ ]. [1] . [ ])

2
L L L L sgϕ ψ σ ϕ ϕ∞ ∞= + + Δ , where sg  is the 

known sign - function, ( )
| |
xsg x
x

= . It is directly seen that 0[ ]( ) 2 ( )L sg x xσ= , where 

0 ( )xσ : 0ˆ ( ) . ( )i sgσ ξ ξ=  ( )1i = − , and [1] 0L = . Then, from (3.5), we go to the next 

reduced problem for ψ : 
 

(3.6)    2
0

1 ( [ ] . ), 0s
s

k L xψ ψ ψ ϕ σ
ε ∞′′ − = − + Δ ≠ ; 

(3.7)    [ ( 0) ( 0)] [ ]s lε ψ ψ β ϕ′ ′+ − − = − . 
 

The simplified ψ -problem ((3.6)-(3.7)) is presumably considered in the space of the real 
functions which are continuous in ( , 0], [ 0, )−∞ − + +∞ , tend to zero, at | |x → ∞  and 
belong to 1

2 ( )L R ; in addition they are assumed to have the classical regularity at 0x ≠ , 
with finite values of the limits ( 0)ψ ′ ± . Our next step is to transform the boundary 
problem (3.6)-(3.7) to an integral relation. To that goal, observe before that, with a given 
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solution ψ  of (3.6) – from the said class, we actually have a regular enough, bounded 
solution to the equation 
 

(3.8)    2
0

1 ( [ ] . ), 0s
s

w k w L xψ ϕ σ
ε ∞′′ − = − + Δ ≠ . 

Now let us introduce the following auxiliary functions, related, by the Fourier 
transformation, to the relevant components in the right hand side of (3.8): 
 

(3.9)    2 2
0

1 sin( )( )
s

xg x d
k

ξ ξ
π ξ

∞

= −
+∫ ; 

(3.10)   1[ ]( ) [ ]*exp( | |)( )
2s s

s

w x L k x
k

ψ ψ= − . 

 
Above *F Φ  is the convolution of two (Schwartz) distributions, F  and Φ  (see e.g. 
[10]), and [ ]sw ψ  determine actually a bounded linear operator, 1 1 1

2: ( ) ( )sw L R H R→ . 

Now it can be verified that function 1 ( [ ]( ) . ( ))s
s

w x g xψ ϕ
ε ∞+ Δ  is a bounded partial 

solution to (3.8); therefore function ψ  (the solution of (3.6)), as a solution of (3.8), from 
the said class, has to be in the form: 
 

(3.11) 1( ) .exp( | |) ( [ ]( ) . ( ))s s
s

x c k x w x g xψ ψ ϕ
ε ∞= − + + Δ , 0x ≠ . 

 
Here c  is a free step-constant, ( 0)c c x±= ≠ . We have to identify this free parameter (by 
inserting from (3.11) in condition (3.7)). The right hand side of (3.11), rewritten shortly 
as ( )s xΦ  (where [ ]s s ψΦ = Φ ) presents however a function in the class 1 1( )H R  and, by 
equality ( ) ( ), 0sx x xψ = Φ ≠  (identical to (3.11)), it is seen that derivative ψ ′  (as a 
Schwartz distribution from the space 1 1( )H R− ) belongs both to 2 ( ,0)L −∞  and 2 (0, )L +∞ . 
A direct calculation of s′Φ  (in the sense of distributions) yields the relation 

1( ) ( ) (0). ( )x x xψ ψ ψ δ′ = + Δ , with a function 1 2 ( , )Lψ ∈ −∞ +∞  ( 1 sψ ′= Φ , in the 

2 ( , )L −∞ +∞  sense) and (0) ( 0) ( 0)ψ ψ ψΔ ≡ + − − ; i.e., for each solution ψ  of (3.6) – of 
the mentioned class, with (0)ψ ϕ∞Δ = −Δ , it holds (in the sense of distributions): 

1( ) ( ) . ( )x x xψ ψ ϕ δ∞′ = − Δ  (with 1 2Lψ ∈ ), ( )xδ  - the Dirac-function. Then, differentiating 
the expressions for ( )g x  and [ ]sw ψ  (see (3.9), (3.10)), we find respectively: 
 

( ) [ ]( )sg x w xδ′ = ; 1( [ ]) ( ) [ ]( ) . [ ]( )s s sw x w x w xψ ψ ϕ δ∞′ = − Δ ; 
   1. ( ) ( [ ]) ( ) [ ]( )s sg x w x w xϕ ψ ψ∞ ′ ′Δ + = . 
 

Above we have used that operator sw  acts also from 1 1( )H R−  into 1
2 ( )L R , so that 

1
2[ ]( ) ( )sw x L Rδ ∈ , and the expression of ( )g x′ . Consequently, derivative ψ ′  is presented 

by the formula: 
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(3.12)   1[ ]( )( ) ( ) exp( | |) , 0s
s s

s

w xx ck sg x k x xψψ
ε

′ = − − + ≠ . 

 
Function 1[ ]( )sw xψ  is continuous on 1R  (because 1 2Lψ ∈ ) and, substituting by (3.12) in 
(3.7), we get ( ) [ ]s s lk c cε β ϕ+ −+ = ; on the other hand, calculating the jump (0)ψΔ  by 
(3.11), it holds the additional relation c c ϕ+ −

∞− = −Δ . Then, from the so-found 
elementary system for ,c c+ − , we obtain the unique value sc c= , with 
 

(3.13)    1 . ( )
2

l
s

s s

c sg x
k

β ϕ
ε ∞

⎛ ⎞
= − Δ⎜ ⎟

⎝ ⎠
. 

 
Now, for the sake of convenience to the final formula let us introduce the function 
 

(3.14).    0
2 2

0

1 cos( )( )
2 ( )s

s s

x dx
k
ξ ξψ

π ξ ε ξ

∞

≡
+ +∫ . 

 
Remark: The function from (3.14) determines, as the canonical surface potential, the 
solution of the (canonical) problem – (3.6)-(3.7), with 0, 1lϕ β∞Δ = ≡ . 

Let us denote by 0,1
sψ  the first-order derivative of function 0

sψ  and apply the 
Fourier transformation to (3.11), with sc c= . This yields the final expression of ψ  and, 
by the substitution ϕ ψ ϕ∞= +  - the sought basic formula: 

 
(3.15)   0 0,1( ) [ ] ( ) . ( ) . ( )l s s sx x x g xϕ ϕ β ϕ ψ ε ϕ ψ ϕ∞ ∞ ∞= + + Δ + Δ . 
 
In the partial case 0[ ]l luβ β≡  ( 0

lβ  - constant), as a direct corollary it holds the 
following result. 

 
Proposition 1. For each choice of the parameters 00, 0, ,s s lkε ϕ β±

∞> >  (arbitrary 
constants) the problem (1.3)-(1.7) (at 0

l lβ β= ) possesses a unique classical solution 
( , )u x z  with surface values ( ,0) ( )u x xϕ= , determined by the formula 

 
(3.16)   0 0 0,1( ) ( ) [ ( ) ( )]l s s sx x x g xϕ ϕ β ψ ϕ ε ψ∞ ∞= + + Δ + . 
 
The proof has been actually already done – by the above said arguments 

(expression (3.15)) it follows that function ( )xϕ  from (3.16) is the unique solution (with 
the assumed regularity and asymptotic values at | |x → ∞ ) of the boundary transmission 
problem (3.5), at data including constant 0

lβ , instead of [ ]lβ ϕ  in condition (3.5.c). Next 
the space potential ( , )u x z  is uniquely determined by the conventional Dirichlet problems 
(3.4) under the boundary condition ( ,0) ( )u x xϕ=  (for already given data ( )xϕ ). To 
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express explicitly potential ( , )u x z , ( , ), 0x z z∀ ≠ , it remains to apply the well known 
(e.g. [22], [7]) semi-plane formula for the Dirichlet problem to the La Place equation. 

 
4. Concluding remarks – the nonlinear case in the second jump condition. 
Here we shall analyze the solvability of the (surface) problem (3.5) with nonlinear 

charge-density function [ ]l tβ , in condition (3.5.c), assumed generally as a Boltzmann 
type distribution. The accent will be made on two basic cases for [ ]l tβ  - either convex or 
concave, at 0t ≥ . Without any loss of generality (via the finite sum of exponents in the 
Boltzmann distribution, e.g. [11]), function [ ]l tβ  is supposed to have continuous 
derivatives up to second order, t∀ . It turns out a simple type relation has to be 
forecasted, between the values [0]lβ  and [ ]σ ϕ ϕ ϕ− +

∞ ∞ ∞= + . Let us introduce the next 
several assumptions: 

 
 
(4.1.a)    [ ] , [ ] 0, 0l l t tβ β ′′+∞ = +∞ > ≥ ; 
(4.1.b)    0[ ] 2 (0) | [0] |s lσ ϕ ψ β∞ < − . 
 
(4.2.a)    0 [0] [ ] , [ ] 0, 0l l l t tβ β β ′′< < +∞ < +∞ < ≥ ; 
(4.2.b)    02 (0) [0] [ ]s lψ β σ ϕ∞− < . 
 
(4.3.a)    [0] 0, [ ] , [ ] 0, 0l l l t tβ β β ′′≤ +∞ = +∞ > ≥ ; 
(4.3.b)    00 [ ] 2 (0) | [0] |s lσ ϕ ψ β∞≤ < . 
 
(4.4.a)    0 [ ] , [ ] 0, 0l l t tβ β ′′< +∞ < +∞ < ≥ ; 
(4.4.b)    02 (0) | [0] | [ ]s lψ β σ ϕ∞< . 
 

Recall that function 0 ( )s xψ  is the given one by (3.14), where from it is seen 0 (0) 0sψ > ; 
moreover this positive value can be easily calculated. On the other hand, for the left and 
right boundary values of the derivative 0,1

sψ  (at 0x = ), it will be not difficult to verify 

that 0,1 1( 0)
2s sε ψ − =  and 0,1 1( 0)

2s sε ψ + = − . Now applying twice the basic presentation 

(3.15) at 0x =  (under the preliminary observation for (0) 0g = ), we get: 
 

0(0) [ (0)] (0)
2l s
ϕϕ ϕ β ϕ ψ− ∞

∞
Δ= + + ; 0(0) [ (0)] (0)

2l s
ϕϕ ϕ β ϕ ψ+ ∞

∞
Δ= + − . 

 
Then summing up (the above equalities), we find: 
 

(4.5)    0[ ](0) (0) [ (0)]
2 s l

σ ϕϕ ψ β ϕ∞− = . 
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Consequently a possible value for the key potential of the line phase (0)ϕ , can be found 
solving, regarding t , the simple equation: 
 

(4.6)    0[ ] (0) [ ], 0
2 s lt t tσ ϕ ψ β∞− = ≥ . 

 
It will be enough however to use elementary geometric arguments. In the auxiliary ( , )t Y - 

coordinate plane compare the straight line 0

[ ]1
(0) 2s

Y t σ ϕ
ψ

∞⎛ ⎞= −⎜ ⎟
⎝ ⎠

 with the curve 

[ ]lY tβ= , at 0t ≥ . It can be established, at each of cases (4.1)-(4.4), existence of a 
unique positive value 0t ϕ=  determining the intersection point of the straight line and the 
said curve. Thus we come to the following conclusion. 
 

Proposition 2. For each choice of parameters 0, 0s skε > >  (arbitrary constants), 
function [ ]l tβ  and parameters ϕ ±

∞ , satisfying some of conditions (4.1)-(4.4), the 
nonlinear surface (line) transmission problem (3.5) possesses a unique classical solution 

( )xϕ , with a positive value 0(0)ϕ ϕ=  - the root of the equation (4.6), given by the 
formula 

 

(4.7)   
0

0 0,1
0

( )[ ]( ) [ ( ) ( )]
2 (0)

s
s s

s

xx x g xψσ ϕϕ ϕ ϕ ϕ ε ψ
ψ

∞
∞ ∞

⎛ ⎞= + − + Δ +⎜ ⎟
⎝ ⎠

. 

 
The proof follows now immediately from the above-mentioned arguments. 
 
The above result completes an analysis to the more general case of contour 

charges (on the extreme anomaly line), depending nonlinearly on the electric potential. 
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