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Onpepenenne 5.1: Kaspame, 1e pequnara {a,}0°; € MOHOTOHHO PaCcTs-
A, ako 3a BCIKO n € N e U3I'bJIHEHO 4y < Upq-

Onpenenenune 5.2: Kaspame, ue peanmara {an};?f’:l € CTPOro MOHOTOHHO
pacTdiia, ako 3a BcAko n € N e U3IbJIHEHO Ay < G-

ITpumep 5.1: /la pasrinename pejgunara a, = a. 1bil KATO Api1 — Ay =
a—a = 0 > 0, To peuIiaTa € MOHOTOHHO PaCTsINa, HO He U CTPOro MOHOTOHHO
pacTIa.

ITpumep 5.2: Jla pasriename peaunara a, = n.Tbil KaTo Apyiy — Gy =
n+1—n=1<0, To peaunarta e CTPOro MOHOTOHHO PAaCTSIIIA.

Onpepenenne 5.3: Kaspame, e penunara {a,}5°,; € MOHOTOHHO HaMa-
JABAIA, aKo 3a BCAKO n € N e UBIbJIHEHO a4y > Gpy.

Onpenenenne 5.4: Kazsawme, e peaunara {a,}>2; e cTporo MOHOTOHHO
HaMaJIdBallla, ako 38 BCAKO N € N e UBI'bJIHEHO Ay > Ap .

ITpumep 5.3: Jla pasriename peaunara a, = a. T'bil KaTo Ay —a, = a—
a =0 < 0, To peguiiaTa € MOHOTOHHO HaMaJlsiBallla. EInHCTBeHUTE peIuIi,
KOHUTO Ca €THOBPEMEHHO MOHOTOHHO PACTSIIM U MOHOTOHHO HAMAJISIBAIIM, Ca
peInIm|Te OT BUIA @y




ITpumep 5.4: Jla pasriesame pegunara a, = —n?. Tbil Karo:

Unp1 — p = —(n+1)* = (—=n*) = -n*—2n—1+n*=-2n-1

Jla ne 3abpaBsime, ge n > 0, Tbil KATO PAOOTUM € PEJIUIU, TO TOTaBa PEIUIIATA,
€ CTPOro HaMaJITBAIIA.

ITpumep 5.5: /a pasriename peaurara a, = % Twit kaTo:
1 1 n—(n+1) 1
Up4+1 — Ap = - - = = -
n+1l n n(n+1) n+1

3a Ja HE OCTaHE€Te C BII€YaTJIEHUETO, Y€ BCUYKU PEIAUI Ca MOHOTOHHO
PacCTAIIr UJIX MOHOTOHHO HaMaJIdBaIlly IIIe JaM W IIpDUMEPU 3a PEAUI, KOUTO
HE Ca HUTO MOHOTOHHO pacCTdlId, HUTO MOHOTOHHO HaMaJIdBalllH1:

IIpumep 5.6: a, =

Beaxka Oor'paHUYeHa OTrope MOHOTOHHO pacCTdllla peIulia
€ CXOIsdIIa.

JlokazareJscTBO:

Heka {a,} e orpanmdena oTrope MOHOTOHHO PaCTAIIA PeJIUIa 1 Heka | e Heifi-
HaTa TOYHA TOpHA rpanuia. la nsdbepeM Ipon3BOIHO HOJIOKUTETHO TUCIO €.
Twoit kKato | e TOYHA rOpHA IpaHUIlA, TO OT OUPEIEICHUETO 3a TOYHA NOPHA
IpaHnIia CIeBa, Je 3a BCIKO € > () ChIIecTBYBa HAKAKbLB YIEH Ha peIulara
a,, TaKbB 9e [ > a, > | —e. Ho none:xxe pejiuiara € MOHOTOHHO PacTsiIia, TO
IIpU N > V € U3I'bJIHeHO, Ye [ +¢ > >a, > a, > —¢, T.e.ipun > v e B
cwia [+ ¢ > a, > | — ¢, cnepoBarenno peannara e cxoasia KbM 1. [l

Beska orpanndena oT10/1y MOHOTOHHO HaMaJIABaIIa Pe-
JUIIA, € CXOJSIIA.

JlokazareJsicTBO:
JlokazaTeIcTBOTO € aHAJOIMYIHO Ha TOBA Ha MPEIHOTO TBbP/IEHUE.

ITpumep 5.7: 3a pegumure B MpeIHATE TPUMEPH MOXKEM Ja KayKeM JIaJIi
ca CXOJSIIH, HO Upe3 I0JI3BaHe Ha e-JIeUHUIUITA, HO € JIOCTa M0-YI00HO B
HSIKOW CJIydad Jia I0J3BaMe TOPHUTE TBbLPIECHUS:




Heka {a,} e MoHOTOHHO pacTsina pejuia u HeKa @, —
a. Torasa a, < a.

JlokazareJsicTBoO:
Ha nomycuem mporuBHOTO T.€. {G,} € MOHOTOHHO pacCTsIla PeJula U d, —
@,HO CBINECTBYBa I, TakoBa 4e a, > a. KoJKoTo m ja e O30 a, J0 a,
BUHArn MoxkeM Jia u3bepem £ > (0, TakoBa 4e a, > a + £ > a. Ilonexe
peaunaTa € MOHOTOHHO PAacTIla, TO TOTaBa 3a BCSIKO 7 > U € U3II'bJIHEHO
a, > a, > a+ & > a, T.e. IMaMe caMO KpaeH OpOil eJIeMEeHTH B £-OKOJIHOCT
Ha @ T.e. JIocTUrHAaXMe 710 nporuBopeune. C ToBa jokazxme, 1e a, < a. il

Anajiorn4so ce nokassa

Heka {a,} e MoHOTOHHO HamaJIsIBAIA PEJUIA U HEKa
a, — a. Torasa a, > a.

n
Jla pasrieame peaunarta ¢ OOI WIEH @, = (1 + %) . IIle mokaxkem, e
pe/uiara € CXo/dina, KaTo JIOKayKeM, 9e T € MOHOTOHHO PacTdIla U Orpa-
HAYEHA OTrOpeE.

1. H'prO e JOoKa2KeM, 9e€ pe/iuliaTa € pacTsdAIla. 3a eJiTa e IIpeCMeTHEM
ap 1 Gp4q

n n 1

_ Iy n ke B - n! oo 1
wm={1tn) "2 e e

AKO He BU € SICHO HEIIIo OT IIPeIHUs Pel, € J00pe Ja IMOorJIeHeTe TEMATa,

| —
3a Hioronos Oumnom. O3nauaBame ¢, = m N Ll nLk Cera e



peobpazyBaMe TOOTIETHO Cg, C1, C2,...Cp:

n! 1 n! 1
— e e g |
0 0! (n—0)! n 1-nl 1
n! 1 n 1
:—-1”71._:_.1._:1
“ 1 (n—1)! nt 1 n
nl L, 1 nm-1) 1 1 n-1 1 1
2! (n —2)! n? 2! n? 21 n 2! n
n! Lk I n-(n-—-1) (n—k+1)
Cr. = . — - =
TR (n— k) nk k! nk
1 1 k—1
— = (1=2) (1=
p () )
n! wen 1 ml 1 1 n n-1 1
n!-(n—mn)! n* nl n» nl n n n

i (-a) e (1)
—— . (1==). (1=
n! n n
N Taka mosyuyaBame:
1 1 1 1 k—1
n=1+1+—" 1—— +..+—-(1——=)-...- (1= + ..+
21 k! n n
1 1 k—1
+E'<1_ﬁ)'”< > 2+Zk, (1—5)...(1— p )

3a Jda He IIpaBUM BCUYIKHU TE€3U CMETKU U 3a Uyp41, HIPOCTO B IIOCJIETHOTO
PaBE€HCTBO 3aMecCTBaMe 11 C n+lm I1oJiydaBaMe:

n+1 E—1
el =2 1=
1 +Zk‘ ( n+1) ( n—l—l)

[a HamomHst, Ye nckame J1a JjoKaxKeM, 1de pegunara {a, } e crporo MoHo-
TOHHO PACTHINA, T.€. A, < Upy1. 38 HEJITA I HOKAXKEM, 9€ Uy — Ay >




Heka 0 < s < n cijie1oBaTesHoO:

n<n+1
1 1
n n+1
1252 59
n n—+1
—1<£<— i <0
n n+1
0=1-(-1)<1-2<1-—2 <1-0=1
N n n+1 N
Ha B3emem s = 1,2, 3, ...k — 1:
1
O0<l——<1-— <1
n n+1
2
O0<l——<1-— <1
n n-+1
k—1 k—1
0<1-— <1-— <1
n n+1

L[a YMHOXKHM BCUYKHU IIOJIYyY€HH HEpaBEHCTBA:

oo () < () )

(x)

Ot IpeHOTO HEPABECHCTBOTO CJIe/IBaT JIBE HEPpaBCHCTBA:
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(a) Axko zamectu™m k = n + 1, noixyvaBame, de:

1 n
1— 1=
o< (1-35) - (1-55)

(6) Ako mpexBbLPJINM JisiBaTa CTpaHa Ha HEPABEHCTBOTO OTJISICHO, TIO-
JIydaBame, Je:

(k) (55 D) (55

Ia ce 3apbpHEM KbM II€JITA:

Qpy1 — Ap =
"1 1 —1 1 —1
_ E.[(l_ 1>.....(1_k 1)_(1__).....(1_’“ )}+
o | n+ n+v n n
>0 ~0 or (6)
1 1 n
SEEELEE (e — I
*Xn+nl( n+1) < n+1)>0
H/_/\ ~ J
>0 >0 or (a)

T.€. peJIUTaTa € MOHOTOHHO PacTdAIIA.

. Ile nmokaxkem, 1ue penunara e orpanutdena orrope. [Ibpso e u3moss-
BaMe HEPaBEHCTBOTO (*):

1 1 1 1 k—1
an=14+1+— (1-=)+.+—-(1-=) .- (1- ot
21 n k! n n

1 1 n—1 1 1 1
+—(1-=) .. (1- <1414+ d—F.t—
n! n n 21 k! n!

*k

Ho nue snaem, de:

Kl=k-(k—1)-..-1>2-2... -1=2""
——

n-1 opTy



OT HperHHOTO HepaBeHCTBO CTHUT'aMe€ OO0 U3BOJda.
1 1
B S on

U ce BpbinaMe KbM TpepaboTkaTa Ha (k)

141 1 1 1 141 1 1 1
a, <14 +5+...+H+...+E< + +§+...+%+...+2n_1

1-G)

1
+.t =141

1
=l+l4 g+ + 5 = —- <
N s 2
cyMaTa Ha II'bPBUTE N qneH;ga reoMeTpu4YHaTa nIporpecud
1 1
<1l o—5=1+7=3
2 2

Taka nosyunxme, de a, < 3.

Tbit KaTo JoKa3axMe, de peaurara {a,} € MOHOTOHHO PACTSIIA U OrPAHIIe-
Ha, TO Ts € CXOJIdIa 1o TBbpJenue 1. ['panunara na peaunara ¢ o0II 4ieH
(1 + %)n ce Hapu4ia HerrepoBa guciio u ce 6ejiexku ¢ aucyioro e. [Tonexe pem-
1arTa € MOHOTOHHO PacTdIna, To 2 = a1 < a, < 3. [IpaBum rpanmven mpexos
B HEPABEHCTBOTO M IOJIydaBame, Ue 2 < e < 3. BebImHOCT MOXKe J1a ce J0Ka-
JKe, Je e e UPAIMOHAIHO YHUCJIO0 C I'bPBU HSIKOJKO 3HaKa CJIeJ JeceTHIHaTa
3amerast:

e =2,718281828459. N

Heka {a,}22, u {b,}>2, ca aBe pemu-
1 or umcia, Karo b, — oo u {b,}>2, e crporo pacrsama. ToraBa ako

o Gngl—Gn i 9 im 9n —
nh_}rgo by by = [, TO chIEecTBYBa nh_}nc}o L u nh_)n;@ =L
JlokaszaTeJicTBO:

Gn+41—0ag

1. Ie moxaxkem, 1e lim = [, kbjero k e urcupano uncio. Ilo-

n=so0 On+1-bk
nexke k e dpukcupano 4uciao, To u ap u by ca dpUKCHpaHU GUCIA T.€.
He sapucar ot n. Jda dpuxcupame ¢ > 0. [Tonexxe penunara ‘Z:E—:EZ
CXOJIAIIA U KJIOHU KbM [, TO ChIIECTBYBA €CTECTBEHO YUCJIO V, TAKOBa

e akoO n > V € B CuJIa

Apy1 — Ap
— =l <e. 1
bn+1 - bn © ( )
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Cera ja npepaborum Masko (1):

Apt1 — @

anrl_bn

a — a
—5<M—l<€

bn+1_bn

Apy+1 — @
l—e< - o4

bn+1_bn

Cera MoOKeM J1a yMHOXKHUM HEPaBeHCTBOTO 1O (b, 11 —by, ), Thit KaTo {b, }
e CTPOro pacrdiia 1o ycjaosue. Torasa mosydaBame:

(I — ) (bns1 — bn) < ansr — an < (1 4+ &) (bpst — by) 2)

[Toneske HEPaBEHCTBO (2) € U3MBJIHEHO IIPH N > I/, TOraBa TO € B CHJIA
u3san > v+ 1. Heka k := v+ 1. Hepasencrsoro (2) e B cuia 3a n > k,
3HAYN TO € U3I'bjHeHo 3a k, k + 1,....n:

=)k —br) < apn—ar < (I+€)(bpgr — bi)
(I =e)(bby2 —brer1) < apr2—apyr < (I +€)(bpra — bry1)

(l - 5)(bn - bn—l) < Qp — Qp—1 < (l + 5>(bn - bn—l)
Cera cbbOupame BCUYKN HEPABEHCTBA:
(l — E)(bn — bk) < Gp —ag < (l + €)<bn — bk)

Cera nemmm na (b, — by):

ap — A
bn_bk

M raka jgokazaxme, de lim 2=tk =],
’ bp—b
n—oo n Yk

l—e<

<l+e¢ (2)

. e moxaxkem, ge lim %2 = [. 3a mnesTa e HaIpaBUM CJIEIHATE IIpe-

n—oo On
obpa3yBaHus:
an  Gp—ap+ag  a,—ap  ap (@, —ag)(by —br)  ag
by bn by by baba—bg)  ba
(an —ag)by,  (an —ap)bpy  ar  ap—ar (@, —ap)bp  ag

T un—be)  balbn—br) by ba—br  babn—bp) | ba

ap —ar by ap—ar ay

b —b. b, b —br b
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HpaBI/IM I'PaHUYEH IIPEXO/] B PaBEHCTBOTO U IIOJIy4YaBaMe:

1i (7% i ap — Qg . by an, —ag
im — = lim ——— — .

n—oo by, n—oo b, — by, n—oo b, b, — by n—o0 b,
1 n - . ]-

b lim — - lim Y im — =1 —by 0l +a,-0=1

n—oo b, n—oo b, — by, n—o0 by,

[TocennoTo ce mostyan Thit Kato ay u by, u ca dbukcupanu, a [ e peajiHo

anucsio. A
Cnencreue 5.1( na Komm ): Heka lim a, = a. Torapa lim #t22t-tin —
n—00 n—00 n
a.
JlokazareJsicTBO:

Jla pazriemame peaurure ¢, = a; + as + ... + a, u b, = n. Moxem 1a
[IPECMETHEM:

Cntl —Cn Q1+ Gy + ..+ appy — (a1 + a2+ ..+ an)  Gnpa

= = =a, = a
bn+1 — bn n+1l—n 1
[Io Teopemara na Ilomr nosmydaBame, 4de € U3IIbLIHEHO nIEEO ‘g—: = a, T.e.
Lim aitas+..tan __ a. B
n—00 n
Cuaencrsue 5.2: Heka a,, > 0 u lim a, = a. Torasa lim ——2%—+F =
n—oo n—o0 H+E+'"+E
a.
dokazareJsicTBo:

1. a # 0 Jla pasriemame peaunara b, = al Twit kato lim a, = a, TO
n n—00

lim b, = lim X+ = X = b. ToraBa MOXKeM J1a IPUIIOKUM CJiejicTBHE 1
n—0o0 n—oo " a
3a b, u moJryuaBame:

by +by+ ... + b,
m

li =b
n—o0 n
1 1 1
hmaﬁ‘g*%..."r‘z_l
n—o0o n a
. n
lim — T - =a
_> —_— —_— —_
n ooal—l—@—{—...—l—an



2. a=0, 1o lim 1+ =00
n—oo “mn

.3: Hexka a,, u li » = a. ToraBa li 1°Q9...0, =
CanencrBue 5.3: Hekaa,, > 0u lim a a. Torasa lim a; - a a

n—oo n—oo
a.
JlokazaTeJyicCTBO:
[Tonexe lim a,, = a, To 10 caejacTBUe 1 U cjieCTBHE 2 TOJTydaBaMe:
n—oo
. ay+as+ ... +ay, . n
lim =a lim T T =a
al a2 an

OcBeH TOBa Tbif KATO € B CHJIa HEPABEHCTBOTO MEXK/Iy CPETHO apUTMETUIHO,
CPETHO TEOMETPUYHO U CPEHO XaPMOHUYIHO T.€.

a1+ as + ... + ap,

< Vay-ay...a, < )

n
1 1 1
a1+a2+"'+an n

TO TI0 JIeMaTa 3a JiBaMara IOoJIuIan nojgydasame lim /a; -as...a, = a. B
n—oo

Canencrsue 5.4: Heka a,, > 0 n lim 2 = q. Torasa lim /a, = a.
n—00 n n—o00

JlokazareJsicTBO:

Hexka na pasriename peaunara b, = “Z—Il u by = a;. Toit karo lim b, =
n—0o0

lim “2% = @, TO 110 HPEIHOTO CIEACTBUE HOJIyYaBaMe:
n—o00 n

. . as ap—1 ap .
a= lim /by -by...b, = lim pla; - —.. = lim ¥Ya,. W

n—oo n—oo a’l ) a,n72 anfl n—oo
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