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Heka na pasriename enna weorpuriarenta dyukuus f(x), nedunupana
B KpailHusi 3aTBOpeH uHTepBa [a, b]. Heka Ts e u orpannyena B T0O3u HHTEP-
BaJi. /la Havepraem HeiiHaTa rpaduka:

y=1(x)

b

Uckame @ namepum 1wioriTa MexK 1y rpadukaTa Ha PYHKIUITA U abIUCHA-
Ta OC B HHTepBaJa [a,b]. Vimam BrIpeBu 3ampuxoBaHaTa IO, 3a [eJITa
I'LPBO TpsAOBa J1a JepUHUPAME MAJIKO ITOHATHUS:

Onpepnenenne 24.1: Pasbuparne ( genenne ) 7 ma nnrepsasia [a,b| ce ma-




puva cucreMa or TOUKH {z;}I , TakuBa Je:
a=20< 11 < .. <Xp1<xTp,=2"
ToBa o3HavaBa ja pasjeanM nHTepBasa [a,b] Ha n moxuHTEpBaIA:
[a, x1], [21, x2], ...y [Tn_1, D],

KaTo JbJKUHATA Ha mHTepBasa i( Gemexum ¢ Ax; ) e Ax; = x; — x; 1.

Onpepenenne 24.2: [osemuHa Ha pa3buBaHeTo( auameTbp Ha pa3OUBa-

HETO ) Hapu4yaMe IbJKUHATA HA Hafi-IbJIMHs MHTEPBAJI T.e. 0, = max Az;.
1<i<n

Omnpenenenne 24.3: Kaspame, ge genennero 7 = {x;}, e mo-duno(mo-
npebno) or mesenneto Ty = {y; }1( wim neneHnero Ty cieiBa JIEJCHUETO Ty
), aKO BCUYIKHU TOYKH Y; Ca TOYKU OT JIeJIEHUETO T1. Benexkum 11 > 7o ( [a ne
ce 4yQuTe 3a IOCOKaTa Ha 3HAKa - Thil KATO 7| UMa IOBedYe TOYKH OT T, TO
ocoKaTa e > )

Omnpepesenine 24.4: Heka e gajneno pasbusane 7 = {x;}1' , u

a=Tg <21 < ... < Xp_1 <x, =0

Torapa HaboOp OT TOYKHU, OTTOBAPAI Ha pasOMBAHETO T, I HAPUYAMe CHCTE-
mata or Touku ( = {(;}7,, TakuBa 4e (; € [r;_1,x;] 321 =1,2,...,n.
ITpocTnyko HAGOP OT TOYKHU € JIa B3eMeM OT BCEKHU MOJAMHTepBal

[aaxl]a [l'lax?}a ceey [mn—lvb]a

110 eJIHa TOYKa (.

U cera ja ce 3aBbpHeM Ha HamaTa 3aja4a. Jla Hamepum jmero Ha ury-
para. 3a 1e/Ta e B3eMeM HIKaKBO pasbuBane T Ha uHTepBasa [a,b]. O3na-
JaBaMe:

mi:[ inf }f(x)
Ti—1,T4
M;= sup f(x)

[ —1,24]



T'bit KaTo pyHKIMsITA € OrpaHuYIeHa BLPXY [a, b], TO Ts1 € orpaHryeHa u BbPXy
[x;_1,x;], TO 3HAYM mocTHra W MHOUHAMYMA U CylIEPEMyMa CH BbPXY BCEKH
oT nojimHTepBasinTe. la obpazyBame cymure:

n

S = Zmz(xz — Ii—l)

=0
n

S = Z M;(x; — ;1)

1=0

Tesu cymu ce HapwyaT ChOTBETHO MaJiKa M rojsiMa cyma Ha JlapOy. Beska
eJlHa OT TE3U CyMU MOXKe Jia Obje U3ThJIKYBaHa reoMeTpudHo. Besdko ejno
cbOupaeMo oT rojgmaTa cyMa Ha /lapOy mMoxke j1a Objie U3THJAKYBAHO KaTO
JINIE Ha TPABObIbIHUK.

Xi-1 X% 1 Xi

fcHo e, ve AIeTO HA MPABOBI'LIHUKA € ITO-TOJIAMO OT Ta3W YacT OT JIUIETO
na ¢durypara. Taka 1s/I0CTHOTO ThJIKYyBaHe Ha rojsgmara cyma na Jlapoy S -
JIITIETO HA MHOTOBI'bJIHUK, KOWTO € C TO-TOJIAMO JIUIEe OT HallaTa gpurypa, u
MEK/Iy/IPYTOTO € OIUCAH OKOJIO Hes. AHAJIOTMYIHO ce JOCTHUTa JI0 M3BOJIA, e
MaJjikaTa cyma Ha JlapOy mpejcraB/isiBa JIMIETO S HA MHOTOBI'bJIHUK, THATO
ILJIOT, € TIO-MaJIKa OT Ta3W, KOSATO ThbPCUM.

IIpumep 24.1: 3a nmo-Harje Ho J1a pasriejgame pasdouBaHe ¢ 5 TOUKH:

[a, 1], [T1, 2], [2, T3], [3, 24], [24, b],
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BeHcTBOTO § < [ < S, TO OM TpsiOBAJIO J1a JOCTUTHEM 70 | IIpu MHOTO MHOIO
MaJIKU TIOJIMHTEepBaJideTa. BukTe n300parkeHndTa:

a=xo X1 X X3 X4 bxs a XX Xs Xi1 X Xint Xl b

A cera JieKa-110JIeKa U Ha MaJIKi CT'BIIKH J1a JoKakeM ToBa. II'bpBara cTbika
K'bM Ta3M eI € Ja JOKaXKeM, Ue ¢ u3peOHsIBAaHETO Ha JIeJIEHHETO NOJIeMUTE
cymu Ha [apOy namassasar, a Mmajkute cymu Ha JlapOy pacrar. [le jokazkem
camo rojiemure cymu Ha JlapOy HaMa/gBaT, HO HEeKa I'bPBO J1a GOopMy/Iupame
TBbPAEHUETO (hOPMAHO:

Heka 7/ > 7, cnenosarenno S; > S,.

HokazaresncrBo:
Heka 7 = {x;}!" | u

a=20<T1<..<Xp_1<x,=0>0

[Ile HampaBuM MHIYKIMS 110 OPOIl Ha TOYKUTE, KOUTO IPUHAJJIEKAT HA T
HO He IPUHJIJIEKAT Ha T.

1. Heka 7/ uma Touno €¢/IHa TOYKa IloBe4Ye OT T M.

/ ~
T = [.ZU07 L1y eers Ty Ly Thet 1y +2ey xn]

Heka:

n

S‘r = Ml(xl xzfl)
=0
. k

Heka 7 = {y;}7%", a ronamara cyma na ap6y e S = > N;(y; —yi_1).

i=0
Tbit kaTo cMme m00aBUIN caMO eHa TOYKa, TO IIe UMa IIPOMSIHA, €INH-
CTBEHO B MHTepBasa [Ty, Tri1]. Bk KapruHKara:
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Rl exiq & xi-K X

TO BCUYKH JIDYT'HM YJI€EHOBE Ha TojisiMara cyMa Ha Jlapby 1ie ca cb-
muTe npu pasbuBane T U T’ ¢ U3K/IIOYEHHE HA TE3W UJIEHOBE, KOUTO
ce OTHACAT 3a WHTepBaJa [Ty, Tr.1]. KakTo ce BUXKJA OT KapTUHKATA
My, > M, M}!( —M;, < =M, —M; < —M!) Tosa 3naun, we:

Sr = Sy = My(wps1 — xi) — [My(Z — 2p) + My (xp41 — T)] =
= My(zpr1 — 1) — M@ — 23) — MY (21 — ) =
= Mk(karl — l‘k) — Mk(j? — l‘k) — Mk($k+1 — jﬁ) =0

Taka mosryuxme, e S, > S

2. Heka mHIyKIIMOHHOTO IPEIOJIOKEHNE € U3II'bJIHEHO 38 BCHIKU HAOOPHU
OoT k TOYKM, KOMTO NPUHAJJIEXKAT Ha 7', HO HE IPUHAIJICIKAT HA T.
Tpsabsa ja ro j0KaxkeM 3a mpousBoJien Habop or k + 1 Touku. Tbit
KaTO MPOu3BoJieH Habop oT k + 1 TOYKM MOXKe Jia ce TOJIydr OT Habop
or k Toukn ¢ jobaBsHero Ha 1 Touka. Ho Hme Bede mokazaxme, |e
KaTo J00aBUM eJHa TOUYKa € U3I'bJaHeHo S; > S,.. C ToBa 3aBbPIIUXME
Teopemarta.ll

Heka 7/ = 7, cienosarenno s, < s,/.

dokazareJsicTBoO:
AHnaylornaHO Ha TPEIXOHOTO TBbPICHUE.




Karo ciiejictBre oT mpeIixoHuTe JIBe TBbPIEHHS IIe J0KaxKeM, e 6e3 3Ha-
YeHMe OT pa3bMBaHETO HA MHTEPBaJA [a,b| JumeTo Ha BIHMcaHUS BbB GUry-
para MHOTOBI'bJIHHUK € IO-MAJIKO OT JIMIETO Ha OIUCAHMsS OKOJIO (burypara
MHOTO'bI"bJIHUK.

ITpumep 24.2: Jla B3emeMm ejHa (YHKIUA U Jla HadepTraeM I'padukarta.
Heka cme B3esu 2 pazmuann pazbusanus 77 = {z;}0_o u 7 = {y;}1_,. Karo
pazbuBaHeTo Ty 1Ie I'o M3IO0J3BaMe 3a MOCTOABAHETO HAa MAJIKUTE CyMH Ha
Iap6y, a pazbusanero 7; - 3a rojemure cymu ua lapby. Bux kaprunkara:

a yi X1 X2 V2 X3 y3 X4 b

A cera cJjie, KaTO BHUAAXMeE, 9€ TOBa U3IVIEZKIa JIOTMYHO [Ja 3alldIIeM (bOp—
MaJIHO CJI€ACTBHUETO U Ja I'O JOKazKEM:

Cnencreue 24.1: Heka 7 u 7/ ca aBe pasauinu pa3OUBaHUs Ha HHTEPBAJIA
la,b]. Torasa s, < S,

Jloka3zareJsicTBO:
Jla BbBeIeM HOBO pa3bUBaHe 71, KOETO € TaKoBa 4e 7 = TUT' T.e. 7| CbIbpKa
BCUYKK TOYKU OT PasOMBAHETO T U BCUYKU TOYKHU OT pasbupanero 7'. fcHo
e, 4e S, < S;,. [lonexxe 71 e mo-npedbHO JleIeHne OT T, TO TOTraBa S, > S; OT
. Tvit kaTo 7/ e no-zpebHo JjiesieHue ot T, TO ToraBa Sy, < Sy
oT . Taka mosryamxme BepuraTa HEpaBEHCTBA:

Sy <87y <8, < Sy



Taxa mosyunxme, de s, < S 6e3 3nadenne ot jenennero. M

Onpenenenne 24.5: Heka f(x) e orpannvena yHKIMs B WHTepBasa

,b]. e xa3Bame, ge f(z) e mHTErpyeMa B mHTEepBasa , ako I = I. Yucmoro

= I = I ce napuya omnpejiejien unTerpas ua f(x) B uarepBasa [a,b] u me
b
ro Genexum taka [ f(x)dr Yucioro a ce HApUYA JO/IHA IPAHNILA, & THCIIOTO

la
I

a
b- ropua rpanura.

Heka f(z) e nedunupana u orpanudena
BBDPXY |[a,b]. f(z) e urTerpyema BupXy [a, b] <= 3a Besiko € > 0, cblecTByBa

pasbusane 7 = {x;}I",, TakoBa e S, — s, < €.

,B;OKaBaTeJ'ICTBOZ

1. Heka f(z) e unTerpyema, To TOraBa Ie JOKayKeM, e 3a Besiko € > 0,
cbllecTBYBa pasousane T = {x;}" ,, TakoBa S, — S, < €.

Bagasame ¢ > 0. Ionexe f(r) e unrerpyema, To I = I = I, 1o
I = sups,. [lonexxe I e Haii-majkaTa ropHa rpaHuIa 3a S,, TO TOTaBa
I — % me e ropHa rpanuIa 3a S, CJIEIOBATENHO CBINECTBYBa MO-JIPEOHO
pasbupane 71, TaKkosa 4e sy > I — 5. Amanormano f(z) e nunrerpyema,
to ]l =1 =1, 00 =1 = infS,. Ilonexe I e maii-rojsmara J0JIHA
IPaHUIA 3a S7, TO Toraba [ + 5 He e JI0/JHa IPaHUIA 32 S, CJIeOBATEHO
CBIIECTBYBa MO-IPEOHO pasOuBaHe T, TakoBa 4e s, < [ + 5. Heka na
pasrieaame pazdbuBane T = 71 UTy. T'bil KaTO T > 79, TO TOraBa S, > Sr

Ho Beue mokazaxme, e s, > I — § 1 Taka MOJIyIuXMe:

19
s> 1 — =
° 2

KaTo YMHOXKHUM 2-Te CTPaHW Ha HEPaBEeHCTBOTO 10 (-1) mosrydaBame:

-ﬁ7<—1+% (1)

Anajsiornuno 7 > T, To Torasa S, < S.. Ho Beue mokazaxme, ue
[ .
Sr, <1+ 5 u Taka nojyqmuxme:

A$<I+§ 2)



U karo cubepem 1 u 2 mnosryuaBame:

g g
Sp—s, <IT+4-—I+-=
i 2 7~ ¢

Hexka 3a Bcsko € > 0, cbinecTByBa pasbusane 7 = {z;}7,, TaKoBa 4e
S; — s; < &, TOrasa Ie JiokazxkeM, de f(x) e nHTErpyema.

Ha nomycuem, ue f(x) ne e unrerpyema. ToBa oznavasa, ue [ — [ >

-1
0. ToraBa neka na samanem € = —=. ToraBa TpsabBa Jla CbIIECTBYBa
pasbuBane T, TakoBa 4e S, — s, < £. Bede Jiokazaxme HepaBeHCTBaTa:

s;<I<I<S,

Te. s, < I (—s; >—I1)mul < S.. Cuéupame 1BeTe HepaBeHCTBA 1

[OJIy YaBaMe:
S;—s,>1—1=2¢

Ho mme momyuuxme 2e < S; — s, < €, T.e. 26 < €, KOETO O3HAIaBA
e < 0. Hdocturumaxme g0 nporuBopedune ¢ € > (0. Taka gocTuraaxme 10
u3Boja, e f(x) ne e uarerpyema. Ml



