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Onpepenienne 15.1: Kaspame, ue f(x) uMa JIOKaJIeH MAKCUMYM B HSIKOST
BbTPEIIHA TOUKA o OT CBOSATA JeDUHUIIMOHHA 00JIACT, AKO CHIECTBYBA OKOJI-
HOCT (xg—&, To+€) HA TOUKaTa To( CbIbpKaIa ce B e UHUIMOHHATA 00JIACT
), TaKaBa {e 3a BCHYKHU X( B Ta3d OKOJHOCT € u3irbiareHo f(x) < f(xo).

Onpepesienne 15.2: Kassame, ue f(x) uMa JIOKaJ€H MUHUMYM B HSIKOS
BLTPEIHa TOUKa T OT CBoATa Je(pUHIIMOHHA 00/IaCT, AKO ChIIECTBYBa OKOJI-
HOCT (Tg—¢&, To+€) Ha ToUKaTa Zo( ChabpKalia ce B 1eduHUIHOHHATA 061aCT
), TaKaBa 4e 3a BCUYKHU T( B Ta3W OKOJHOCT e usirbiareHo f(x) > f(xg).
JIokaHuTe MAKCUMYMHI 1 JIOKAJIHUTE MUHAMYMH 1€ HapudaMe JIOKAJIHU eK-
CTPEMYMH.

ITpumep 15.1: JTa pasriaegame dynxnusarta f(r) = r? — 2z pbpxy R.




Xo-€ Xo Xote x

Ot rpacdukara MOXKe J1a ce BUIHU, 9€ B TOUYKA T UMaMe JIOKAJEH MUHUMYM,
3aI10TO:

1. Toukara gy € R

2. TBH KaTo ,ZLe(bI/IHI/ILLI/IOHHOTO MHOZKECTBO € R7 TO T4 € BbTpellHa 3a MHO-
2KeCTBOTO

3. KakBoTO U £ > 0 j;a B3eMeM /10 e usnbianeno f(z) > f(xg).

B mnTepec ma ncrmpara TOYKaTa Ha JIOKAJIECH MEHIMYM MOXKE Ja CE HaMe-
pu cbe 3Hanud or yuwinie. Jla npencrasum f(z) B caenang Bug f(z) =
2 — 22 = (r — 1)? + 1. Ot yumwmme nu e uzsecrno, e (x — 1)* > 0, Torasa
TOYKATA, B KOATO JOCTHIaMe MUHUMAJIHATA CTOMHOCT € PelleHre Ha yPaBHe-
ruero f(z) = (r —1)? = 0 wm ToBa e Toukara x = 1.

[Tpumep 15.2: Jla pasriename rpadukara na dyukiuara f(z) = 22— 2z,
HO TO3W II'bT He BbPXY R, a Bbpxy [1,400). Cera mMoxkere na 3abesiekure Ha
rpadukara, e ToraBa HsMaMe JIOKAJIeH MUHUMYM, 3aI[0TO Lo He € BbTPelHa
Touka 3a [1,400), a jeBusaT Kpail Ha MHTepBaja, B KOHTO e jeduHupana
GYHKIHISATA.

ITpumep 15.3: Cera nmpocTo €JIMH 9epTexK:




Xo

Ha ugeprexka B TOUKHTE T( U To UMaMe JIOKAJEH MAKCUMYM, & B TOUKHUTE T U
T3 IMaMe JIOKaJleH MUHIMYM. KakTo Ha isgBaM ce, 3a0e/1s3BaTe OT YepTeKa He
MOXKEM JIa TBbPJIUM, Ye Hail-rojigMaTa CTOHHOCT HAa (DYHKIUATA € B HEMHUS
JIOKaJIeH MaKCHUMyM, & Hali-MaJiKaTa - B HEWHUs JIOKaJleH MUHUMYM. 10 #
3aTOBa ce Hapudya JIOKaJeH MaKCHMyM, 3aIllloTO caMO Ha JIOKAJIHO HHUBO €
MaKCUMYM.

r—1akoz < —1

ITpumep 15.4: Jla pasriename dyuknuara f(z) = { —2 ako z € [—1,1]

r—3,ako > 1

Xo T X1

Ha,ILHBaM ce, 49e 3a6eJIH3BaTe, qe TO4YKaTa Tg € TOYKa Ha JIOKaJIEH MaKCUMYM,



a rp € ToOYKa Ha JIOKaJleH MUHUMYM. B Hamms ciaydait x1 — xg = 2, HO KaKBO
ce CJIydBa, aKO TOBa PA3TOSHUE € MHOI'O MHOT'O MaJIiKO?

ITpumep 15.5: /la pasriename, dbynkuuara f(z) = x3.

Ha rpacdukara 3abessizame, de roukara (0,0) He e JIOKAJIEH eKCTPEMYM.

ITpumep 15.6: He e 3a1b/KUTEHO Jia TOBOPUM CAMO 3a HEIPEKbCHATH
dyukuu. a nagepraem rpacdukara Ha ciiegHaTa QyHKIUST
r—1l,ako z < —1
f(x)=<1ak0o v = —1

r—2ako0r > —1




Xo

Mozke ¢ jiekoTa Jia ce JIOKaxKe, 9e TOUKaTa -1 e ToOYKa Ha NnpekbcBane. Hue
IIPOCTO IIIe T'o 3abesiekuM oT rpadukara Ha dyHknuaTa. arepecen e dak-
TBT, 9e -1 e ToYKa Ha JIOKaJeH MaKCUMyM Ha (DYHKIUATA.

Cera cJjieJl MHOI'O IIOKa3HU IIpUMepu Ce HaJdBaM, 9€ € CTaHaJIO ACHO KaKBO
€ JIOKaJIeH €KCTpeMYM. Cera are IIpeMruHEM K'bM (bOpMyJH/IpOBKaTa n JOKa3a-
TEJICTBOTO Ha €/JHa OCHOBOIIOJIarallla TeopeMa.

Heka f(z) e qudepennupyema B TOUKa
To U MMa JIOKAJIeH eKCTPeMyM B TodKara Zo. Torasa f’'(zg) = 0.

JlokazareJsicTBO:

MaJjiko pazsicHeHusi KbM TeopeMaTa. [I'bpBo ja cu CIIOMHUM KaKBO O3HAYaBa
[IOHSITHETO MMPOoM3BoaHA? EMEU TOBa € TaHreHca Ha bIbja (v, KONTO CKIIOYBA
JlonupaTeiHara ¢ abnucarta. Harmrara TeopeMa HU TBBPIHU, Y€ aKO (PYHKITUSI
MMa JIOKAJIEH eKCTPEMYM B TOYKa Tg, TO f'(xg) = tga = 0. 3uaem, ue B 103U
caydait o = km, kbjaero k € N. E, ToBa o3nauana, 1e o = 0° wan o = 180°,
ako « € [0°,360°). Tasu Hamm cMeTKH J0BEJIOXa J0 MHCBH/ITA, Y€ BI'bJIbLT
MeXK/1y ablucara 1 JJolpaTeHaTa KbM PYyHKIUATa B ToUka T e 0° mimm 180°,
KOETO IIPOCTO CH O3HaYaBa, de JOIMUpaTeHaTa € ycrnopeana Ha adiucarta. Jla
BUJIUM JIAJIA TOBA HAUCTUHA M3TJIEXK]IA JIOTHIHO KaTO pasrjejiaMe CJieiHaTa
rpaduka:




Cera ja MUHEM K'bM JI0KA3aTEJICTBOTO Ha TEOPEMAaTa.
3abeIIeKKI:

1. NsuckBaneTo 3a qudepeHIupyeMOCT € ChIIECTBEHO, 3aI0TO TO HUA OCH-
T'ypdBa CbHIECTBYBaHETO Ha IIPOU3BOJHaTa T.€. aKO beHKIlI/IHTa HE €
nudepeHnupyeMa B TOYKa Ha JIOKAJEH €KCTPEMYM, TO TOraBa ITPOM3-
BOJ/IHATA W B Ta3W TOYKa Moxke ja He e (.

ITpumep 15.7: Jla pasrinename dyukmusra f(z) = |z|. Ja vHagep-
TaeM rpadukaTa u:

Ot uzobpazkenunero BuzKaaMe, e 0 e TouKa Ha JIOKaJIeH eKeTpeMyM. Be-
Je CcMe JIOKa3aJId, de He ChlnecTByBa Iponssojna B 0 ( 3amoro f) (0) =
1# —1= f"(0) ), KOeTo KaKTO Ce cermare e IpobIIeM.



2. O6parHoTO TBBpJIeHEE He € BApHO T.e Ako f(x) e nudepernupyema B
touka g u f'(xy) = 0. ToraBa nma JOKaJIeH €KCTPEMYM B TOUKATA X().

3 orHoBo. B

ITpumep 15.8: la pasriuename dbyukiusra f(x) = z
HpeJuIier npuMep obcbauxme, de Toukara () He e TOUKa Ha JIOKaJIeH
ekcrpemyM 3a dyHkimsaTa. Cera na cMeTHeM npousBojaara u f/(x) =

322, rorasa f'(0) = 0.

Heka f(z) e HempekbcHATa B 3aTBOPEHHUSI
uHTepBaJ [a,b], e mudepennupyema B (a,b) u f(a) = f(b). Torasa cbiect-
ByBa ¢ € (a,b), rakasa 1e f'(§) = 0.

Hoka3zarescTBo:
MaJsiko passicHeHHs 110 TeopeMaTra, KAKTO OOMKHOBEHO IIPEH Jia IPHCTb-
MM KbM JIOKAa3aTeJICTBOTO Ha Teopemata. Jla B3emem jBe Touku (a, f(a))
u (b, f(b)) ( mmm Toukara (b, f(a)), 3amoro f(a) = f(b) ). Cera TpsbBa na ru

CBBbP2KEM C HEIIpEeK'bCHAaTa JIMHUA, KOATO € U I'JIaJdKa. HaHpI/IMep

(a, f(a)) (b,£(b))

S

/

Pazbupa ce nma MHOTO HAYMHM, [0 KOUTO MOXKEM Jia TM cBbpxKeM. Ho na ne
3abpaBsiMe, Ue TPbI'BaMe OT €JIHO HIUBO U TPpsiOBa J1a ce BbpHeM Ha Hero. Tosa
O3Ha4YaBa, Ye W IIIe ce JIBUKUM caMO HallPaBO, WK Ie ¢ OTKJIOHUM Hall-
puMep Harope # Iocjie Ie TpsiOBa Ja ce BbpHEM B oOpaTHa IIOCOKa JI0 TOBA
uuBo. ToBa o3HavaBa, e IIe UMaMe JIOKAJICH eKCTPEMYM, KOETO O3HAYABA, e
IpOU3BO/HATA B Ta3W TO4Ka e e (.

Cera j1a MUHEM K'bM JIOKA3aTEJICTBOTO.



3abes1eKKU:

1. 3aro e Heobxo MO (DYHKIHUATA Jla € HellpeKbcHaTa?!

ITpumep 15.9: /la pasriename pyHKIusaTa

x+ 10,ak0 = < 0,
r+5,akoxr >0

fz) =

B nHTEpBaa [—3,2).

Ts HAMA JIOKAJIEH eKCTpeMyM B uHTepBasa [—3, 2].

2. JlobGpe, a 3a1o TpsiOBa Jia e HellpeK'bCcHaTa B 3aTBOpeHus narepsasi’ He
MOZKe JIH J1a € HellPeK'bCHATa B OTBOPEHUsI HHTEPBAJI!

ITpumep 15.10: Jla pasriemsamMe max chbiara QyHKIUIITA

r+ 10, ako z < 0,
r+5, akox >0

fx) =

camo ve B uurepsaia (0,5).



Tsa e menpexbcHaTa B nHTepBasa (0,5), HO € IpeKbCHATA B WHTEpBAJA
0,5]. DynknusaTa HaAMa JOKaJIEH eKeTpeMyM B uaTepBasa [0, 5.

3. 3amo uckame QyHKIUATA Ja € JudepeHimpyeMa B OTBOPEHIsT HHTEeP-
Bas (a,b), a He B 3aTBOpeHMsI !

Heka f(z) e nempe-
KbCHaTa B [a, b] u mudepennupyema B (a,b). Torasa cbimecrByBa Touka £ €
(a,b), TakaBa 4e W = f'(£). ( Teopemara e ore U3BECTHA C HAMMEHO-
BaHUETO TeopeMa Ha Jlarpamx )

lokazareJsicTBO:

Heka f(z) u g(x)) ca HempexkbcHAaTH B

la,b] n nudepennupyemu B (a,b). Axo ¢'(x) # 0, TO CcbInecTByBa TOUKa £ €
F0)-fa) _ 1)
g(0)—g(a) — g'(§)"

(a,b), TakaBa e
BabesekKa:

1. He moxke mm torasa g(b) — g(a) = 0?7 [a mgomycuem, de e BB3MOKHO
r.e. g(b) = g(a). Toraa 1o Teopemara ua Pos cieBa, 1de cbinecTByBa
TOYKA T, 38 KOATO € u3irbaaeHo ¢ (xg) = 0. IIporusopetne.

2. Axo g(z) = z, 10 ¢'(§) = 1 u nonyuaBame Tepemara Ha Jlarpamx 3a
Kpaiinure HapacTBaHud.



lokazareJsicTBO:

Teopema 15.5 ( OCHOBHA TepeMa Ha MHTErpaIHOTO cMmsTaHe ) : He-
ka f'(x) = 03aBesko z € (a,b). Torasa f(x) = ¢ 3a Besgko x € (a, b) ( KbaeTo
C € KOHCTaHTa ).

JlokazareJsicTBO:

Heka f'(x) > 0 3a Bcako x B unrepsas A. Torasa f(x)
e CTporo pacrsia B A\.

JlokazarescTBo:

Teopema 15.6 ( na Jlapby ) : Heka f(x) npuema HOJOKUTEJHN U OT-
puriaresinu croitaoctu. Toraa chiecTByBa £, Takoa e f'(xi) = 0.

,Z[OKaBaTeJICTBO:
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