4.I'panuny Ha peanny. ApuTMeTUIHN
JICACTBUSA ChC CXOJAIIM PEJIUIN

lanuna Jlronkanosa

14 oxkromspu 2013 1.

Kakso e uncioBa pemuna’? Hemo mpocTo - ToBa ca 4muciia HapeaeHu II0
HSTKAKBO ITPABUJIO.

ITpumep 4.1: 1, 2, 3, ... ( MHOrOTOUMETO O3HAYABA U TaKa HATATHK. B

HAKOM CJIydad Morar ja ObaarT u3dpoeHn BCUYKH YHCJIa, OT KOUTO Ce ChbCTOM
pe/mIiaTa, a MOHAKOra TOBA € HEBb3MOXKHO, 3aTOBa Ce MOJI3Ba MHOIOTOYNE)

ITpumep 4.2: 76, 2, 3

ITpumep 4.3: 2, 76, 3 ( npegHUAT TpUMEP U TO3U HE Ca €JWH U CbII,
3aI[0TO TIPU PEJIUIUTE UMa 3HAUYEHHE KAK Ca HAPEJEHU YUC/IaTa )

ITpumep 4.4: 12,5, 1, 7, 8

IIpumep 4.5: 3,6, 9, 12, ...
A cera ma BUIUM KaK BCHYIKO TOBA Ce M3Pas3sBa HA MATEMATHIECKN €3UK:

Omnpenenenne 4.1: Yuciosa penuiia e PyHKIUS OT BHUJIA:

a:B — R,

Kbjaeto B = {z|xr < n,z € Nyn € N} wimm B = N, a N e maOo)kecTBOTO Ha
ecTecTBeHUTE YncyIa U R € MHOXKECTBOTO Ha, peaslHuTe IHCIIA.



Cera MaJjKo pa3dCHeHusdg 110 OIIpeIeJIEeHUETO. Yucsosara peiuiia € Cl)yHK—
oy, KOATO Ha BCAKO OT II'bPBUTE 11 €CTECTBCHU YUCJIa ( njin Ha BCAKO ecTecC-
TBEHO LH/ICJ'[O) Ce CbIIOCTaBdA peaJiHO YUCJIO.

IIpumep 4.6: [a pasriename peauiara;

2,4,6,8,10,12, ...

Ha mbpBO MsicTO cTOM YMCIOTO 2, HA BTOPO YMUCJIOTO 4, HA TPETO UUCIOTO
6, ... . [Io TO3u HAYMH HA €CTECTBEHOTO YUCJIO 1 CMe ChIIOCTABUIN PEAJTHOTO
qncyao 2, Ha 2 - yucyaoro 4, na 3 - yucjoro 6 um T.H. .BebiimocT Ta3zu peguna
e pyHKIM ¢ AepUHAITTOHHA 001aCT MHOXKECTBOTO Ha €CTECTBEHUTE UHC/Ia U
MHOXKECTBO OT CTOWHOCTHU €CTECTBEHUTE YNCJIa, KPATHU Ha 2.

ITpumep 4.7: HaggBam ce Jia e siCHO, 4e Ta3uW pejulia He € ChIaTa KaTo
peaunara ¢ pa3MeHeHn 2 U 4:

4,2,6,8,10,12, ...

Onpenenenue 4.2: Be3kpaitna dncjioBa peauna € pyHKIUg OT BUIA:

a:N—R,

KbJeTo N e MHOXKeCTBOTO Ha ecTecTBeHUTE ducja u R e MHOXKEeCTBOTO Ha
peasmure uncia. Ta ce Gesexku obuknoseno ¢ {a, 152, wmm camo {a,}.

Ot ompejiesienneTo ciesiBa, de peaunure oT ripumMep 4.1, npuvep 4.5,
npumMep 4.6 u npumep 4.7 ca 6e3KpailHi INCIOBUA PEITUIIN.

Onpenenenue 4.3: Oyukims ¢ gedUHATMOHHA 00JIACT MHOXKECTBOTO HA

IIbPBUTE N €CTECTBEHU YHUC/Ia ce Hapwda KpaiiHa duc/I0Ba PeJIUIA.

ITpumep 4.8( 3a kpaitna umncsoBa peauna ): [la pasriename pean-
nara:

1,2,3,4,5,6,7,8,9,10
T4 e KpaiiHa 9uC/I0Ba PeUIla, ChIIO TaKa ¥ OCTaHAJIUTe OT U30POEHUTE IPH-
MepH I0-Tope.
Ako dyHnkimsTa @ 3axaBa YncaoBa peauna {a,}5°; , GyHKIMOHAIHUTE
CTOMHOCTHU a(X) ce HAPUYAT WICHOBE Ha PEUIATA.

2



a(1l) - mbpBudT wWien Ha peaunara (OeseKu ce oIe u ¢ aj),
a(2) - BropusT uieH Ha peurara (6eexu ce oIe u ¢ ag),

a(n) - n-TUAT YIeH Ha peJuIlaTa WK Olle oI YieH Ha pejaurara (Gesiexu
ce o1Ie ¥ C ay,)

Hampumep 3a npumep 4.1 umame a; = 2,a9 = 2,a3 =3, ...,a = k, ..., a
3a mpuMmep 4.8 umame a1 = 1,a9 = 2,a3 = 3, ..., a19 = 10.

Hauywnnu Ha 3aaBaHe Ha YncJjioBu peauniu  Eana peauiia Moxke j1a 0biie
3a/ia/leHa, Ipes

1. u3bposiBaHe Ha YACT WM BCUYIKU eJleMeHTH OT penurara( m3bposiBaHe
Ha BCUYKHU €JIEMEHTHU OT PEJIUIATa € Bb3MOXKHO CaMO KOTaTO pEJIUIaTa
e KpaiiHa) - BCHYKHU [IPUMEPH, TOCOYEHH JIOCETA.

2. obmusaT wiaen ( dopmystara, ¢ KOoATO ce 3ajaBaT UJIeHOBETe Ha eJIHA
pe/iiiia 3a MPOU3BOJIHA CTOMHOCT Ha N, ce Hapuda opmysia 3a 00U
wiieH. ). B mpumep 4.1 dhopmyiara e a, = n, npumep 4.6 - a,, = 2n.
Tosa ca dopmynure, KOUTo ca Hai-OJM3KO 0 yMa, HO TOBa HE 3HAYU
Je HAMA Jpyru (opMysn 3a obIus 4jieH mpuMepHO 3a npumep 4.1
Mozke 1 j1a e hopmysata a, = n+(n—1)(n—2)(n—3) npumepno. Tosa
nJiBa Jla HU IOKasKke, de 3a €JIHOZHAYHOCT € T0-J00pe J1a U3I0/I3BaMe
dopmysia 3a 001U WIEH WK PEKYPEHTHH BPbH3KU MEXK/Iy €JIEMEHTUTE
( ToBa cjies npuMepa ).

IIpumep 4.9: a, = n?

Tosa e peaumnara:

, KOUTO € TUIIWYeH IIPU 3alliuca Ha PeTUId.

1,4,9,16, ..., k%, ...

3. upe3 peKypeHTHa BpPb3Ka MEXKJy €JeMEHTUTE T.e. Upe3 3ajaBaHe Ha
I'bPBUSL WieH (WM I'bPBUTE HIKOJIKO |ieHa) U (popMyIia, KOSTO u3pa-
3s1Ba BCEKHU CJIEJBAII YJIeH Ha PeuliaTa Ipe3 MpeaxofHuTe (euH win
HAKOJIKO).



ITpumep 4.10: b, = b,,_1+b,_2, KATO TYK 38 IbJIZKUTETHO TPIOBA 18,
ce mocovyaT HavdagHUTE eemenT by = 1,0y = 1. Torasa nmosyuaBame,
qe b3 =b1+by=1+1=2,by=by+b3=1+2=3 u1.H. B asen Buj
peanIiaTa ce 3alcBa:

1,1,2,3,5,8,13....

Mexk 1y ApyroTo Tasw peJuiia CH UMa CIEIUATHO HAMMEHOBAaHUE, Ha-
puda ce peauia Ha PrboHaTH

4. 4upe3 HesdBHA JePUHUINSA

ITpumep 4.11: ¢, = n-tara nudpa B JeCETUIHUS 3AIUC HA TUCJIOTO

™

N3o6pa3sgBane Ha peaunim  Tbit KaTo peaunuTe ca (pyHKIUH, TO OT TEMa
3 TpgAOBa Ja € FCHO, Ye ToraBa MOYKEM Jla HadepTaeM TaXHaTa rpaduka.
Hampumep rpadukara Ha peaunara a, = n e:

10

A 3a a,, = n? rpaduxara e:
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Anamu3bT ce 3aHnMaBa ¢ O€3KpailHi 9UCIOBH PEJIUITH, TIOPAIU TOBA HATATHK
KaTo TOBOPs 3a PeJuiia, Ie ce mojipa3dupa 6e3kpaiiHa Irc/I0Ba PeJIUIa.

HeiicrBus ¢ peauru  Ako ca najenn jse peauru {a, 1o, u {b, 22,

1.
2.

C6op Ha JIBeTe PeIuIn e peaurara ¢, = a, + by;
Pasnuka Ha 1BeTe peaunu e peaunara ¢, = a, — by;
[IpousBenerne Ha JIBETE PEIUIN € PEIUIATA: Cp = (y, * by;

YacrHo Ha jBeTe peauiy (npu mosoxenue, de b, # 0 3a Begko n € N)

e pejinara ¢, = .
n

I[Tpumep 4.12: /Ta pasriemsame peaurure a,, = 3n u b, = 1. B aBen 3anuc

an €

ab,e

3,6,9, ...,

L1,

Torasa cO0OPBT Ha JIBETE PEJUIN € PEJUIA, TUUTO K-TH YJIeH ce HaMUpa KaTo
cOOp Ha K-THUTe YJIEHOBE Ha JIDYTUTe 2 PEeJUIM T.€. B HAIUA CAydail ¢, e:

4,7,10, ...,

3aloT0 ¢1 = a1+ by =3+ 1 =4, co=as+by=6+1=7,c3 =a3+ b3 =
941=10,...., ¢c, =a, + b, =3n+ 1.
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Paznmkara wa Te3u 2 peaunu ( T.e. a, — by,) e peuIaTa ChC CJAETHAS BUI:

2,5,8, ...,

3aMOTO ¢) = a1 — by =3—-1=2c,=ay—by=6—-1=05,cy =a3—b; =

9—-1=8, ...,¢c, =

=a,—b,=3n—1.

30 |e a,=3n
| bnzl
sch =3n—1
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Anajiorngano IIPOU3BEJACHUCTO N YaCTHOTO Ha JABETC peJIulu €:

zamoro dy = a1 -by =3-1=3,dy=as-by=6-1=6, ..., d,
3n -1 = 3n u aHAJIOrUYHO 3a JiejieHneTo d) = & = 2 =

! __ an __ 3n __
oy dy =32 = =3n.
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Onpepenenne 4.4: Peaunara {a,}5°, e orpanntdena oTrope, ako CbIIec-
tByBa umucjo M € R, takoBa 1e 3a Bcsiko n € N e B cua a, < M.

nJI1 €KBUBaJICHTHO:

Onpepenenne 4.5: Pegunara {a,}7° | e orpanndeHa oTrope, ako 4iIeHO-
BeTe Ha peauiara odpa3yBaT MHOKECTBO, KOETO € OIPAHIMIEHO OTTOPeE.

Onpepenenne 4.6: Pequnara {a,}>° | e orpanndena oT/ioiry, aKO ChIIEC-
tByBa umncjo M € R, takoBa 1e 3a Bcsiko n € N e B cuia a,, > M.

Onpepenenne 4.7: Penunara {a,}5° | e orpanuteHa, ako € orpaHndeHa
OTTOpE M OT'paHmIEHa OTJIOJY.

Onpepenenne 4.8: Pequnara {a,}>° | e Heorpanmdena, ako He € Orpa-
HUYeHa OTHOJIY UM HE € OrPAaHmYeHa OTTOpe.

ITpumep 4.13: [/la pasrieame peaunara:

2,4,6,8, ...

Tsa e orpanmdeHa oTj0y oT 2 ( OYEBHHO BCEKM UJIEH HA PEJUNATA G, =
2n e MO-rOJIsIM WM paBeH Ha 2) W HeorpaHmdena orrope. [a gomycHem, [e
peauniaTa e orpaHmdeHa orrope. ToraBa cbiecTByBa umcyio M, TakoBa 1e
M > 2n Vn € N. [a pasruename auciaoro 27 M7 ("M o3nauasa Haii-
MaJIKOTO IIAJIO 9ucyo HaaMuHaBaio M, npumepro "1.1117 = 2, 70.0007 " =
1,70.9987 =1 ). Ilonexe 2" M e wien ot pequnara {a,} u 2" M > M, 1o
TOraBa PeauliaTa a, He e orpaHndeHa orrope or M, oT KbIeTO JOCTUTHAXME
j10 mporuBopedre. (CreoBaTeIHO TOMyIUXMe, Y€ peuliara € OrpaHudeHa
OT/IOJTy, HO He € OIpaHnvIeHa OTTOpe.

ITpumep 4.14: Jla pasriesame apyT IpUMep:

11
9 5’ g’ e
aHaJIOrMYHO Ha NPEJUIIHUA IIPUMeD ce II0Ka3Ba, 4e peJullaTa € orpaHndeHa
( orpannvena ormosy ot 0 1 orpasudeHa orrope or 1).

1

7



ITpumep 4.15: [locnenen npuMep 3a orpaHndeHocT Ha peauru. Jla pasr-
JjleJlaMe peJiunaTa:

1,2,3,4,5,6,7,8,9

T4 e orpanndena orrope oT 9 m orpanuyena OTJI0y OT 1 T.e. € orpaHndeHa.
Penunure, kouto ca ¢ Kpaen Opoit 4jeHOBEe, BUHATH €& OTPAHUYECHH - OTIOJIY
OT MUHUMAJIHUS CU €JIEMEHT, OTTOPE - OT MaKCUMAaJTHUS.

ITpumep 4.16: Kakso Hayuuxme jiocera, e ako pejunara {a, o, e 3a-

JlaJieHa 9pe3 oOIus CU YJIeH IPUMEPHO @, = % MOKEM JIa CH CMETHEM eJie-
MEHTapHO CHOTBETHHS “JIeH Ha pegunarta. B ciaydasd a; = 1, ay = %,....,
(591 = 5%,---,@7654 = ﬁ,... . Ho ma xajgnure mMaremaTuim 3a oIie 3HaHUE
TOBa He UM e JocTtarbaHo. JIobpe, a KakBo craBa B Oe3kpaiinocTTa? Moxkem
JIM JTa CMETHEM (oo ( s1e6es1o moguepraBaM, de TO3U 3aINC He € BaJIUJIeH U
ce M3MOJI3Ba B CIydas caMo 3a OHarjejsBaHe Ha npumepa )? Taka jga cu
IIOMUCJIUM TI0 CJI€JIHASA HAIWH, HAIlaTa PEeIulia ce ChCTOU OT UJECHOBE, TE Ca
Oe3KkpaeH OPOoIt - KAKBO O3HAYaBa TOBA, Y€ JI0 KONTO U YUIeH Jia CMe, TO BUHATH
UMa CJIeJIBalll, U NCKaMe Ja CMeTHeM ‘Oe3kpaifHust wieH . 3a J1a MOXKEM J1a
CMEeTHEeM KaKBO Ce C/Iy4uBa B O€3KpailHOCTTa, 3a Ja CMe CUI'YPHH, a He Ja Ie-
JIUM, peJiniaTa TpaOBa Ja ce yCTaHOBH OKOJIO €JIHO YucJio. B Hammusa npumep
qjIeHOBeTE Ce J00JIMKABAT BCe MoBeYe U ToBeve JI0 Hysara ( ako He cre yhe-
JICHH BCe OIIle, MOKe JIa CMEeTHEeTe OIlle OT YJIEHOBETEe Ha PEJIUIaTa IIPUMEPHO
100005 1000005, @1000000005--- ) Ha NHTYUTHUBHO HUBO ou TpH6Ba.HO Ja € CTaHaJIO
SICHO, e Oe3kpaitHuaT wieH Ha peanmara e (0. Cera mga BbBeIeM CTPOTO ITOHSI-
THeTo “0e3KpaeH WiIeH ’, KOeTO Ha MaTeMaTUIecKn e3UK ce Hapuda I'DaHUIa
Ha PeIuIa:

Onpenenenne 4.9: Kassame, ue peaunara {a,}32, e cxomsina, ako 3a
BCAKO € > () chblIlecTByBa MHJEKC Ha WICH OT peJulaTa U, 3aBHUCeEl] OT &,
TaKbB Y€ BUHATH KOI'aToO M > V Jla € U3IbJIHEHO |a, — a| < . Hucmoro a
ce HapUda I'DAHHIA Ha PEIUNA U CHIIECTBYBa CAMO KO {dy, }no | € CXOJSIIA.

['panurata Ha penunara ce OeJIeXKU 110 CJIEJHUS HAYUH lim a, = a ( dere
n—-+00

ce KaTo TPAHMIATA Ha PEIUIATA d, IPU N KJIOHSIIO K'bM OE3KPARHOCT € a).




HO-KpaTKO OIIpeJIeJICHUETO IIe 3alliCBaMe 110 CJAeIHNA Ha4IWH:

Ve >0 eNVn >v:|a, —a|l < e <=
Ve>0dvreNVn>v:—e<a,—a<e<=
Ve>0dvreNVn>v:ia—ec<a,<a+ec<=
Ve>0dveNVn>v:a, € (a—¢c,a+e).

(N

Cera jgoKazaxmMe, e BCEKH YJIeH C HOMEp ITO-TOJIsIM OT ¥ IIe HOMaJIHE B IIPO-
M3BOJIHA E-OKOJIHOCT Ha a ( WU JPyroside B MPOU3BOJIHO OJsin3Ko J10 a)./la ce
BbpPHEM OTHOBO Ha ompejenerrero. OT HEro ce BUXKIA, Y€ aKO PeIuIaTa e
CXOJIAIA, TO U3BBH IMPOU3BOJIHA £-OKOJHOCT Ha @, MOYXKE Jla MMa JJIEHOBE C
HOMEpA IMO-MAJIKU OT V, KOeTo € (puKcupaHo 4uc/io. Taka mogydaBave eKBHU-
BaJIEHTHO OIIpeJleJIEHNE 38 CXOJIMMOCT Ha PeJTulia;

Onpepenenne 4.10: Kaspame, ye pepunara {a,}5°; e cxojsina u uma
rPaHMIA @, aKO CBIIECTBYBA PEAJHO YUCJIO @ TaKOBa, 9 M3BbH BCAKA &-
OKOJIHOCT Ha @ MMa Haii-MHOTO KpacH Opoil 4IeHOBe Ha peIulaTa.

IIpumep 4.17: Heka j1a JIoKakKeM ¢ OIIPeJIeIEHUETO 38 CXOJUMOCT, Ue T'Pa-

HUIIATa HA PEJIUATA Gy = % e 0 T.e. 3a Bcako € > () TpsAOBa J1a ChIECTBYBA

v € N, TakoBa 4e 1pu n > V € U3II'bJIHEHO |a, — a| < €. B nammus ciydaii
1l _gl— (i1

MOKEeM Jla TIpecMeTHeM |a, — a| = |- — 0] = |~| = ~. Jla dukcupame € > 0,

ToraBa TpsA0OBa Taka Jia m30epeM v, Ue 3a BCIKO N > V Jia € U3II'bJIHEHO

1
n— =|—=0l=|-1==< 1
|a a| n n n c ()

ITonexke n > v, T0 + < + T.e. 3a Ja € U3IBJIHEHO HepasencTsoro (1) Mo-
JKeM Jla u30epeM v Jia € TaKoBa, Ye Jla € M3II'bJIHEHO HEPABEHCTBOTO & > %
Haii-MaJIKoTO v, KOeTO M3II'bJIHABA TOBA HEPABEHCTBO, € UV = r%"( He TpsibBa
na 3abpassime, de v € N ). Taka ako uzbepem v = "%", me Oble B CHia
OIIPEJIEIEHNETO 3a CXOJMMOCT - 3a BCAKO € > () cbllecTByBa UV = % TAKOBA,

qeaKon>u,T0ToraBa|an—a\:]%—0|:]%|:%<%: — e

o ==

Onpepesnenne 4.11: Ako pepunara {a,}°2; He e CXOgIa, TO Tsl € pas3-
XOIAINA;




IIpumep 4.18: /la pasriename peaurata

1,-1,1,-1,1,—1...

)
Tasu peauna He e cxongama. Ho 3armo e taka? [IbpBo HA MHTYUTHBHO HUBO
HIE IIPOCTO B OE3KPAITHOCT HE MOXKEM J1a KazKeM JAJIH 1ie OTuaeM B 1 mim B -1.
Cera mokaszarescTBoTo. Jla 10IyCcHEM IPOTUBHOTO T.€. PEIUIATA € CXOISIIA
U TpaHuIaTa u Heka e a. Torapa 10 ompejieleHHEeTO UMaMe 3a BCAKO € > ()
CBINIECTBYBa YUCJIO V, 3aBUCENIO OT €, TAKOBa Y€ BUHArW KOraTo n > U Ja e
U3I'bJIHEHO |a, — a| < . Heka ja uszbepem & = 1> 0. Torasa mpu n > v

2
un=2k+1unvame |1 —a| < e =3 aupnupun >vun =2k name
| — 1 —a| <& =3 re. nonyuasame:

1
|1—a|<§,aKon:2k+1

1
|—1—a|<§,aKon:2k

Cien ToBa pa3KpuBaMe MOJYJINTE!:
——1<1— <—1 =2k+1
aKo
a 2, KO n

1< 1 <1 =2k
5 a 2,aKon—

chOUpamMe ducaaTa

3 1
—§<—a<—§,aKon:2k—|—1

1 3
§<—CL<§,3KOTL:2]€

YMHO2KaBaMe€ 110 -lm IIoJIy9aBaMe:

1 3
§<a<§,aKon:2k:—|—1

1
—§<a<—§,aKon:2k

Taka n3Kapaxme, e a < —%

JI0O TPOTUBOPEYNE, CJIEI0BATEIHO PEJIUTIATA HE € CXOIIIA.

1 €JJHOBPEMEHHO G > %, OTKbAETO JOCTUT'HAXME
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Peunara {a,}7°, , Kbaero a, = a 3a Besgko n € N,
UMa I'pDaHuIa a.

JlokazareJsicTBoO:
JlokazaresicTBOTO CJ1e/IBa HEIIOCPECTBEHO OT OIPEIEIEHNETO. 3a BCIKO £ > ()
CBIIECTBYBa U0 ¥ = (), 3aBUCEINO OT €, TAKOBA 1€ BUHArM Korato n > v = ()
Jla € M3I'bJIHEHO |a, —a| =|la—a|=0<c. A

1. Ako KbM ejiHa peniia MPUOABUM WJIM IIpeMaxHeM KpaeH Opoil eieMeH-
TH, TO TOBa He BJIAge Ha HEHATa CXOIUMOCT.

JlokazaTesicTBO:

[Ile uzmo3BaMe BTOPOTO OIpeIe/ICHUE 38 CXOIUMOCT, 8 UMeHHO - Kaz-
BaMe, de peaunara {a,}oo, e cxoJdIma U uMa TPaHUla a, KO M3BbH
BCsKA £-OKOJIHOCT Ha @ UMa CaMoO KpaeH OPoil 4JIeHOBe Ha peJuIiaTa.
AKo KbM HallaTa peauia npubaBUM KpaeH Opoil eJeMeHTH, TO JIOPH
BCHYKHU T€ Jla Ca MHOIO Jiajievde, U3BbH IIPOU3BOJIHA £-OKOJHOCT Ha
Iie uMa Hali-MHOrO KpaeH Opoit ejieMenTu ( KpaeH 6poil + Kpaen 6poii
— KpaeH Opoil ). AHaJOrMYHO M TIPH ITpeMaxBaHETO Ha KpaeH Opoii
eneventu. Ml

2. Heka a, < b, Vn € N. Heka a,, u b, ca cxoggamu u lim a, = a,
n—400

lim b, = b. To roraBa a < b. ( Ilo-ipocTo - aKo BCeKH wWieH Ha pe-
n—-+00

JIaTa @, € MO-MaJ'bK WM PABeH OT BCEKH WIeH Ha peuiara b, u
peuIuTe ca CXOAAu (1 3HaeM KbJe OTUBAT B Oe3KPAfHOCT peJuIii-
Te), TO ToraBa B 0€3KpailHUAT WIEH HA d, € [O0-MAJIbK MU PABEH OT
Ge3kpaitiust wieH Ha by, ).

JlokazaTeJsicTBO:

__a=b
Ha nonycuem nporusnoro T.e. b < a. /la puxcupame € = “5=. Ilonexe
@y, € CXOJIAINA U UMa IPAHUIIA @, TO OIPEIEIEHIETO ChIIeCTBYBa NHIEKC
V1, TaKbB Ue 3a n > vy uMaMme |a, —al <eme.a—e <a, <a-+e.
[Tonexke b,, € cxodina U ©Ma rpaHuIa b, To orpeeIeHUETO ChITECTBYBa
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UHJIEKC Vo, TAK'BB Ue 38 N > Uy uMaMe |b, —b| < ¢ 1.e. b—e < b, < b+e.
Heka v = max(vy, v,). Torasa 3a n > v noixyvasame

a+b a—2b c e <ate _i_a—b 3a—b
=a— =a— an < a =a =
2 2 2 2
—a+3b iy iy b
e N el N N Iy ik s

2 2 2 2
T.e. IIOJIy4aBaMe, e

a+b
b—5<bn<b—|—5:T:a—5<an<a—|—e
caenoBaTeno b, < a, 3an > I, KOETO € B IPOTUBOPEYINE C YCIOBUETO.
[ |
3abeIIeKKI:

(a) BebImuocT He e 3a/IbJIKATETHO ¥ HEPABEHCTBOTO 4, < b, Jia e u3-
mbiHeno 3a Vn € N. Okassa ce JocTaTbaHo a, < b, J1a € U3IbJ-
HEHO 3a 6e36poit MHOrO cToitHOCTH HA N.( ABCOIIOTHO AHAJIOIUIHO
BbPBHU JIOKA3aTEJICTBOTO )

(6) Hlasm ako B ropHATa TEOPEMa € U3I'bJIHEHO Gy, < b, 3a BCIKO M, TO
caeasa i, de a < b? OrropopsT e He. [lle gam korTpanpumep. Jla
pasriejiaMe peJiniuTe a, = % u b, = 0. To ToraBa e o4eBHIHO, 1€
a, =0< % = b, 3a Bcako n > (. Ho kakTo BujisixMe B IpuMep
4.9 rpannnaTa Ha peaunara a, e 0, KaKkBaTo € W I'paHHAIaTa, Ha
peaunara b, ( ot TBbpaenuero ), T.e. 0 = lim a, = lim b, =0.

n——+0oo n—-+00

Axo an € CXo/Jd1ia, TO Td € OI'paHruYeHa.

JlokazaTeJsicTBO:

Heka rpannnara na {a,}5°, e A. sbupame € > 0 npon3BoJIHO, HAIl-
pumep € = 999. Torasa cbiectByBa v € N, TakoBa e 1ipu n > v € B
cuna |a, — A| < €, T.e. moay4daBame, ue A —e < a, < A+emupun > v.
BnaeMm, de 4jaeHoere Ipu n < Y MOXKE JIa Ca Ha IPOU3BOJIHO MSICTO
o 4uciaoBara oc. Ako osHaumm ¢ m; = min{ay,as,...,a,, A — €}, a
ms = max{ay, as, ..., a,, A+e}. Or Tyk nosyuasame, ye my < a, < mo
3a Besgko n € N.OT Kbzero ciesiBa, de BCAKa CXOIAINIA PEIUNA € 1
orpanuyecta. Wl
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4. Heka a, e cxondina u uMa rpanuia [ u ¢, € CXOJSINa U uMa I'DAHUIA
[. Hexa a, < b, < ¢, 3an > v, kpgero v € N. Torasa b,, e cxoxaiia
n nma rpanuna [. ToBa cBOHCTBO € M3BECTHO OIE C UMETO JieMa 3a
JaBamarTa nosmran (JieMa 3a JBaMara MUJTHIMOHEPH ), 3aIl0TO aKO CU
[IOJIXBAHAT OT JIBETE CTPAHU OT IO €JIUH IMOJIUIUN U JBaMaTa OTHBAT
3aTBOPA, TO TH OTUBAII B 3aTBODA.

JlokazaTeJicTBO:
Nszoupame € > 0. Torasa cowiectByBa Ny € N, TakoBa 4e npu n > N
e M3I'bJIHEHO |a, — | < e Te. | —€ < a, < [+ ¢ ( noOHEXKE @), € CXOMAIIA
u nma rpanuna [ ). Ocen ToBa chinectByBa Ny € N, TakoBa Ue Ipu
n > Ny umame |c, — | < g, re. re. | — e < ¢, < |+ €. O1 ycnoBuero
nmame, de a, < b, < ¢, 3a n > v. Torasa 3a n > max{Ny, Ny, v}
nMaMe:

l—e<a,<b,<c,<l+e¢

Taka nosyanxme, de | — e < b, < [+ € 3a n > max{Ny, Ny, v}, Koeto
o3HavaBa, ue b, e cxozusdma u uMa rpanuna [. Wl

Cuencrsue 4.1: Heka lim a, = 0, a {b,} e orpanuvena peauna,
n—-+o0o

TO TOraBa a,.b, — 0.

oka3zareJsicTBO:

Uckame na jgokaxkeM, 4de {a,.b,} e cxomsima u kionu kbm 0 T.e. 3a
BCAKO €9 > 0 cbimecTByBa vy > 0, TakoBa Ue ako m > Uy € B CHJIA
lay, - by, — 0| = |ay - by| < g¢. Ba nenra dukcupame g9 > 0. [Tonexe
{b,} e orpanuvena peamia, To cbiecrByBa M, Takosa ue |b,| < M.
Tbit kato a, e cxoxdmia u uMma rpanuia 0, To Torasa 3a Bcako € > 0
cbinecTByBa v > (, TakoBa Ue ako n > v e B cuia |a, — 0] = |a,| <
e. @ukcupame ¢ = &, Cera ocrasa [a HaMepuM 1y, TAKoBa, 4e Ja €
H3I'LJIHEHO HAPABEHCTBOTO |dy, - b,| < €. HepaBencTBoTO € H3IBIIHEHO
pu vy > v > 0:

\an-bn|:|an]-]bn]gg-M:%-Mzeo. n
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Ho kakbB e npobiemsbt, ako b, e neorpanudena pemuria’ Hamu B
YUUJIUIIE ca HU YIU/IU Y€ HyJIa, 10 KAKBOTO U JIa € 9UCJIO € HyJa. 3a Jia
BUJIUM II0 $ICHO K'bJie € TTPOOJIEMbT Jia pasrjejaMe CJIeIHUS IPUMeD:

ITpumep 4.19: Heka na pasriemame 2 peauiy ¢ OOIMU IJIEHOBE Ch-

OTBETHO @, = % u b, = 2n. B npeaumunTe npuMepH IOKa3axme, de
{a,} e cxomsima u rpanunara u e 0 u ue {b,} e Heorpanuyena. Kaxso
ce CJIyUBa C IIPOU3BEJIEHUETO Ha, JIBETE DU - C;, = Ap.by, = %-Qn = 2.
[Tonyunxme peauria ¢ rpanuna 2.

5. Ako {a,} e cxongama u kimonn KbM A, 10 u {|a,|} e cxoggma u KioHuH
KbM |Al.

JlokazaTeJsicTBO:
{a,} e cxomama n kmonm kbM A, T.e. 3a BegKo € > (0 ChIECTBYBa
€CTEeCTBEHO YUC/IO V, TAKOBA Y€ aKo n > v € B cuia |a, — Al < €.

(a) Heka A > 0. Torasa me jgokaxem, 1ue a, > 0 nupu n > v u e
TTOJTY UM

llan| = |All = lan — A[ <€

ue =4 >0, 1o rorasa cbilecTByBa v € N, TakoBa ue pun > v e
usrbiHeno |a, — A| < 4. Taka noryuasame, 1e —4 < a, — A < 4
wi a, > 4 >0 e B cua upu n > v. Torasa nosyuasame, e 1pu
n>v:

(6) lokazaresicTBOTO BbPBU aHAJOIMYHO, ako A < 0.
(B) Heka A = 0 u 3a Besiko € > () CbIIECTBYBA €CTECTBEHO YHUCIIO V,
TaKoBa 4e ako n > v, 10 ||a,| — 0| = |a,| = |ja, — 0] <e. A

6. Ako {a,} u {b,} ca cxomsmm u ¢ rpanunu crorserno A u B, Torasa:

(a) {a, + b,} e cxoggama n kimoun kM A + B;
6) {an, —b,} e cxonsima u kiaoHU KbM A — B;
(B) {ay - b,} e cxomsima u kionu Kbm A - B;

(r) Axo B # 0, To pejunara {%} € CXOJAIA U KJIOHU KbM

n

S/
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JlokazaTesicTBO:

(a)

Us6upanme € > 0 npoussosmo u neka ;1 = 5 > 0. Ilonexe {a,} n
{b,} ca cxomsiu u ¢ rpanunyu chorBetHO A u B, TO cbiecTByBaAT
N1, Ny € N, takuBa e npu n > Nj € U3IbJIHEHO |a, — A| < €
unapu n > Ny e B cuna |b, — B| < ;. B TakbB ciyqail npu
n > max{ Ny, Na} nmawme:

|(an+bn)—(A+B)| = |a,—A+b,—B| < |a,—A|+|b,—B| < e14+e1 = ¢

Taka noyunxme, de {a, + b, } e cxongama u kioHu KbM A + B.

Tpsbea na nokazxkeM, de peaunara a, —b, = a,+(—by,) e cxogrma.
3a 1esTa 1e J0KaXKeM, de ako b, e cxoisina, To U —b,, e cXoIsIa
u rpanunara it e —B. To Torasa monexke cO0Op OT CXOISIIN PEIAIIN
e CXOJIdIa pejuIia, e cieasa, de {a, — b,} e cxomsma A — B.
Qurcupame € > 0. [lonexke pemunara b, e cxojsdina, TO CbIIEC-
tByBa v € N, TakoBa 4e npu n > v e usibjiHeHo |b, — B| < e.
Torasa n > v € N3II'LJIHEHO:

| — by — (=B)| = | — by + B| = |b, — B| < <.

[onexe {a,} e cxomgmia, ciemoBaresato {a,} e orpanundena. To-
raBa uMaMe, 9e

0 <lan.b, — A.B| = |an.b, — a,.B+ a,.B — A.B| <
< |an.b, — a,.B| + |a,.B — A.B| = |a,.(b, — B)|+
+ |(a, — A).B| < |ay]|.|b, — B| + |a, — A|.| B

[Tonexe {a,} e orpanuvena, To u {|a,|} e orpannvena. Penunara
¢, = b, — B e cxongma u kjionn KbM B — B = (), kKaTo pa3/nkKa Ha
nee peuim. Pequnara {|c,|} e exongima u kiouu kbM |0, To Tora-
Ba |ay|.|b, —B| — 0 ot creacrsue 1. Ananornyuso |a,—A|.|B| — 0.
Ot

0 < |an.b, — A.B| <layl|.|b, — B| + |a, — A|.|B|

u |an|.|bn — B| + |an, — A|.|B| — 0 mo semata 3a 1BamMaTa HOIAIAN
caesBa, de an.bn e cxongma u Ki1oH KbM A.B;
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(r) Ile mokaxkem, ue ako B # 0 u b, — B, 10 é — %. To Torasa ot
IPeJUIITHUTE JI0Ka3aTEICTBA IIIe CJIe/IBa:

ay, 1 1 A

— =qQ [p— _> A ¢ _— = —

b, " b, B B
U ¢ TOBa Teopemarta Ie e jJokazana. 'bit karo B # 0, ciemgoBa-
tesimo |B| > 0.

i. Heka ma pasriiename nnpso ciydas B > 0. Twit karo b, e
CXOJIAINA U € = % > (, To ToraBa cbirnecTByBa v € N, TakoBa
Ye MpH N > V e U3IbJIHeHo |b, — B| < %. Taka moydasame,
qe—§<bn—B<§Hann>§>OeBCHnaHpHn>V.
Ot 1Tyk uzamsa, de i < 2 e mwsmbaHeno npu n > v. Torasa

B
IIojrydaBamMe, 4e I1Ipu n > V.

o< 1 1] |B-b, _|bn—B|< 2
—1lb, B| |b,-B| b,-B B2

|bn_B|

Ho smaem, we pemunara |b, — B| — 0, a pequnara ¢, = 35 e
orpaHmYeHa, CJIeI0BaTEeIHO MOIydaBaMe, de %|bn—B\ — 0o
ciefcTBre 1 ¥ IO JleMara 3a ABaMaTa MIJIUIMOHEPU U3JIese,

qe - — 1

b b
ii. Amajormano, ako b < 0. OuuraiiTe ce Ja ro JOKaXKeTe CaMH.

" raka IIoJIMIUXMe, e peauiiata a_: € CXOoId1a 1 KJIOHN K'bM

A b
4 m

[Tonsikora jiymaTa KJIOHU Ce U3II0/I3Ba U 110 OTHOIIEHKWE HA PEJNIH, KOUTO Ca
pasxongamu. I ce okazBa yao0HO /1a ce BbBeJe ciegHaTa AepUHUIUS:

Onpenesnenne 4.12: Kassame, ge peguniara a, KiaoHu KbM +0oo ( Gere-

XKHUM ¢ lim @, = 400 ), aKo 3a BCAKO 4ucyio M CbIecTByBa V, TaKOBA e
n—-4o0o

Ipu N > V € U3M'bJIHEHO, 1e a, > M.

W ¢ AYMHU IIPOCTHU - KOJIKOTO U I'OJIAMO YUCJIO M a I/136€p6M, TO IIOYTH
BCUYKHK YJICHOBEC Ha peJnlaTa IIe Ca IIO-I'oJIEMH OT HEro. ,Ha A€M II'bPBO
C€IMH IIpUMED 3a TaKaBa pedullia, 3a Ja HE OCTaBa Y0BEK C 9yBCTBOTO, Y€ CHU
U3MHCJIAME HAKAaKBU IMIOHATHA, KOUTO HUKDBIAE HE CE U3II0JI3BAT:
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ITpumep 4.20: [Ja pasriegame peaunara a, = n. Tasu pejura KJIOHH
KbM +00. a gorycneM mpoTUBHOTO T.€. chiecTBYBa yucjao M > (0, TakoBa
e a, < M. Ja pasraegame unciaoro [M|( KoeTo o3HaUaBa HAl-MAJIKOTO
110 aucao no-rosisiio or M ). To [M] e wnen or {a,} u [M| > M. Taka
JIOCTUTHAXME JI0 TIPOTHBOPEUHE.

Onpepenenne 4.13: Kassame, de pepunara a, KJIoOHH KbM —oo ( Gese-

KM C llm Ay, = —OO ), aKO 3a BCAKO YUCJIO P ChIIleCTBYyBa VV, TaKOBa Y€
n—-+0o00

pu n > V € U3I'bJIHEHO, Ye a, < P.

ITpumep 4.21: Jla pasriegame peaunarta a, = —bn. Tasu peauiia KJIOHA
KbM —00. /loKazaTencTBOTO € aHAJIOTUIHO Ha IIPETHUs IPUMep.

Hexka e manena pemunara a,, Karo a, > 0 3a Bcako n. [la
obpasyBame pegurara b, = ai Torasa ako
n

1. lim a,=0,70 lim X = +o0
n—-+00 n—-+oo 4n

2. lim a, =400, 0 lim + =0
n—+00 n——+oo 4n

JlokazareJsicTBO:

1. Heka e musmrbiaeno lim a, = 0. /Ia n3bepem e1HO IPOU3BOJIHO T10JI0-

n—-4o00
KUTEJIHO YUCJIO A AKO g = %, TO IIO0 ,He(bI/IHI/IIH/IHTa 3a CXOJAIa peauIia
1

CHINECTBYBA I/, TAKOBA e Mpu N > v uMame |a, — 0| < ¢ = 7 T.e. Io-
JIYIAXME A, < % caesoareno A < ai upu n > v.ToBa o3nadaBa, e
n
lim L = oc.
n—s+oo 4n

2. Heka e usmbianeno lim a, = oo. la uzdbepem eHO IIPOU3BOJIHO 1010~
n—-+o0o
»KuTetHO rcyio A. Ako € = %, TO TI0 JIe(PUHUTIHATA 38 CXOAIIA PEJIUIIA,

CbIIECTBYBa V, TaAKOBa Y€ IIPU N > V Ja UMaMe a,, > A Te. IIOJIydYuxme
an > % cJIe10BaTeJIHO ai < enpun > vV Win ’aL — 0‘ < emnpmn > v.
n n

Tosa o3nadasa, ye lim -+ = 0. H
n—+oo 4n
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Heka e manena peaunara a,, karo a, < 0 3a Bcsgko n. [a
obpasyBame pejunata b, = C% Torasa ako
n

1. lim a,=0,10 lim + = -0
n—-+00 n—-+oo ="

2. lim a, =—o00, 0 lim + =0
n—-+00 n—+oo 9n

okazarescTBo: /[okazaTeJcTBOTO € aHAJIOIMYHO Ha IIPEIUIITHOTO.
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