23.3.Vlarerpupane Ha HIKOW MpalllOHAJIHN
byHKIUN

Npanuonanna ¢GpyHKimsg e panuoHa/jna (PyHKIHS, B KOATO € TO3BOJIEHO
MOB/IMTAHETO HA MPOU3BOJIHA CTEICH.

Ba:kHO Hemio e, 4e He BCHYKH WHTETDAJIN MOTaT Ha ObaaT mpecMeTHATH
sprO ( upe3 dopmyaure 3a wHTErpupane). OGMKHOBEHO TIeITa TPH MPECMsi-
TaHe Ha WPANUOHAIHU (DYHKIME € Ja TH CBeJIeM K'bM paruonaanu. Ho crura
TOJIKOBa, MPHUKA3KH JIa Ce 3aXBallaMe ¢ KaacoBe (pYHKIHH, KOUTO MOTAT 11a
O'b/IaT HPECMETHATH:

1. II'bpBo mie ce 3aHuMaeM ¢ HpamuoHaaHa (GYHKIHUsS, B KOUTO y4acTBAT
POMEHTMBATA T U HIKOJKO HellHu pajukana ( T.e. \/xP, KbIETo ( e
IS710 HOJIOZKUTEJTHO YUCI0, P € TSJI0 YHCJI0) T.e. TOBOPUM 3a CJIejHATA
3aja4a:

L P2 o
I:/R(a:,qu,xq2,...,x%)dx,

K'bJIETO P;,q; ca mean ducia 3a 1 < ¢ < n u 6e3 orpaHnYeHre Ha OOIII-
HOCTTa MOXKeM jia npueMeM, de ¢; > 0 3a 1 <1 < n. OyHKIUA OT TO3H
BUJI BUHAIru morar ja Objar unrerpupanu. Heka k e naii-majakoro 00-
10 KpaTHO HA (1, (s, ...,J, U TOTaBa k = ¢;¢;, K'bJIETO OYEBUJHO C; €
0. Heka mosoxuMm = = tF ciemnosaresno 2k = t. 3a MIPOU3BOJIEH
PAJIUKAJT e TOJIYIHM

Py 1 kpg ¢ 1\ ks G Lo e
ru = gPign = gk phn = (xF)PigE = tPi(gr)s = ¢Pige =
— hpitei



Heka na ozmaumm m; = kp; + ¢;. Tt kato k,p;, ¢; ca menm ducia,
TO U M; € CbINO A0 9uca0. Taka mpeodbpasyBaxme HOJAUHTEIPATHATA
beHKL[I/IH J0 palllOHaJIHa W IIOJy4YaBaMe CJIeIHUud MHTerpaJi:

I= /R(:c,xﬁ,xzi,...,x'éii)d:c - /R(tk,tml,tm,...,tm")kt’“_ldt,

CpImusIT MeTOJI MOXKe JIa ce MOJI3Ba IpU (DYHKIUUA OT MO-CJIOKEH BH/I,
a UMEHHO IPU HHTEerpupaHe Ha (PYHKIMH OT BHIA:

1 P2 pn
ar+b\a [axr+b\« ar + b\ »
I=|R|lx,|—— | — yey | —— dx,
cr +d cr +d cr +d
[IpenmosiaraM, We BU NpeBU BIeYaT/IeHHE, Y€ eIUHCTBEHATA PA3INKA
MeXKJIy UpeJHaTa U Ta3u 3ajada €, 4e PaJMKaJIuTe Ha X Ca 3aMeHeHHU
C paJuKaJd Ha HAKOA JApoOHO-/IuHelHa dyHKIug Ha x. /la nanomus
OTHOBO, 4Yep;,q; ca mean quciaa 3a 1 < ¢ < n un 6e3 orpaHuveHne Ha

obrrHocTTa MOXKeM Jia mpueMeM, de ¢; > 0 3a 1 < ¢ < n. Heka orHoBo
k e Hali-MaJIKOTO OOIINO KpAaTHO HA YUCIATA (1, (2, ..., ¢p. B TO3U ciaydait

npaBuM nosaranero t¥ = 90y vioxem ga mspasum x upes t. Torasa
cx+d
oJIy YaBaMe:
p_ar—+b
t - -
cr+d

(cx +d)tF =ar +b
ctfr +dtf =ax +b
(ct* —a)z = b — dt*
b— di*

$:
cth —a

Cae mojraraHeTo KaKTo MOZKe JIa Ce BUJIH OT JOKA3ATEJICTBOTO OT IPE/I-

Py
HATa YaCT, e MOy IUM (%) % = {™i, Taka npeobpasyBaxMe MOJIMH-

TerpaJjaHaTa beHKHI/IH A0 pallMOHaJIHa W IIOJIydaBaMe CJeIHHUd HHTEr-



pauJt:

I

/R axr +b % axr +b % ar + b o e
x =
"\ex+d "\ex+d T \ex+d
b— dt* b— dt*
/R L R -
cth —a ctk —a
b — dt* b—dt*\’
:/R T dt
cth —a cth —a

3. Unrerpaau, cbIbpzKaly KBaJpaTHdHa UPAHOHATIHOCT OT KBaJpaTeH
JBYUJIEH WJIH TO-TIPOCTO MHTErPAJIM OT BUJIA:

I:/R(x,\/m>dx,

KaTO IPOMEHJIMBATA T U PAIUKAILT v ar? + bx + ¢ ca 1MoL I0KeHH caMo
Ha palnOHaJIHU ,ZLeI'?'ICTBI/IH. MHTeraJH/I OT TO3UW BUJ BUHATU MOIraT /Jda
ObgaT mpecMeTHaTH ¢be cyocturyuure Ha Oitnep. Taxnara unes e
claegHATA [1a MOJOKUM KOpeHa KaTo HAKaKBa JuHeiiHa (hyHKIuS HA T,
HO TaKaBa JiuHeliHa QPYHKIM, Y€ Jla MOKeM X Jla Ce U3pa3u CUpaMo t
¢ apobHoMHeeH n3pa3. /la Bujim Kak craBa TOBA:

(a) IIvpsa cyberurynus na Oitep. Ts ce nsnonssa, ako a > 0 u ce
JaBa ¢ PABEHCTBOTO:

Var? +br +c = var +t

Heka na m3paszum x upe3 t:

Vaa? +bx + ¢ = ax + t
ar?® + br + ¢ = az? + 2v/axt + t*
br + ¢ = 2\ axt + t*
(b—2vat)r =t* — ¢
2 —c
b2yt
N kakBo xybaBo memnio ussese or tosa nojarane? [Hogyauxme:

2 —c 2 —c
T b_2\/at\/ax+x+c Var + \/ab_z\/at-i-,

i



KOeTO CBeXKJa Hallld UHTeTrpaJa J0:

I:/R(a:,\/a:cz—l—bx—l—c)da::
2 —c 2 —c 2 —¢
= | R tld| ——— | =
/ (b—2\/6t’\/ab—2\/5t+) (b—2\/5t)
2 —c 2 —c 2—c \’
= t — | dt
/R(b—zﬁt"/ab—Qﬁt+ > <b—2\/at)

[TonyyenusaT uHTErpas € UHTErpaJ OT paluoHa/iHa (pyHKIMs, 3a-
IMOTO apryMenTuTe Ha pyHknuaTa R ca pamuoHaIHU U 3aII0TO

!/
IPOM3BOHATA HA panuoHagHa dbyHKIus ( B caydas (b_i—j}at) ) e
CBINO PAMOHAIHA (DYHKIIUA.

(6) Bropa cyberurynua ma Oiinep. Tsa ce usnonssa, ako ¢ > 0 u ce
JlaBa ¢ PaBeHCTBOTO:

Vaz? +br +c = xt + /c
Heka na m3pasum x 4upe3 t:

Var? +bx +c=axt++/c
ar? +bx + ¢ = 2*? + 2xt\ /e + ¢
ar?® + br = 2?4+ 2xtr\/c
ar +b=at> + 2t /c
(a —t*)x =2t\/c—b
2t\/c—b
r=——-
a — t?
Taka m3kapaxme:
2t\/c — b
r=—
a — t?

2t\/c— b
Vaas2+ba:+c::vt+\/E:Lt2t+\/E,
a_



KOeTO CBeXKJa Hallld UHTeTrpaJa J0:

I—/R(x,\/m>dx—
(B o (251)
_/ (Qt\/_ b 2ye—b, +\/z) (2t\/' b) Y

a—12 " a—t? 12

[Tony4yenudaT wHTErpas e HHTErpaJ OT paldoHa/Ha (DYHKIIMS, 3a-
IIOTO apryMeHTuTe Ha (pyHKnusaTa R ca pamuoHaIHA U 3aIIOTO

2ty/e—b’
NpOM3BOJHATa Ha parmuonanna dyskmug (B caydas (=5 ) ) e
C'bIIO PalMOHAIHA (DYHKIUS.

(8) Tpera cybcrurynus na Oiitep. Ta ce usnonssa, ako D = b? —
4ac > 0,T.e. KoraTo ypaBHeHneTo ax’ + br + ¢ = 0 uMa 2 peasnu
pPa3/JIMYHu KOpeHa Ty U Ty, KOETO O3HAYaBa, ve:

az® +bx +c = a(z — 1) (7 — 3)

Tpera cybcturynus zHa Oiliep ce JaBa ¢ paBeHCTBOTO:

Vaz? +br +c = va(x —x1)(x — 22) = t{x — x7)
Hexka ma uzpasum x upes t:
Vale —a1)(x — xg) = t(x — 1)
)

alr —x1)(x — 29) = t*(x — 11)?

a(r — x5) = t*(x — 11)

axr — axry = t2r — t2x1

(a — 1*)r = azy — t*2,

azrs — t’x,
r=——
a — t?
Taka nzxkapaxme:
axry — t2r,
r=—-
a — t2
axry — t?r,
Vaz? + bz +c=alr —z1)(z — 29) = t(x — 21) = t(———— — 1),

a — t2



KOETO CBeXKJIa Halllusg WHTer'paJ Z10:
Iz/R(x,x/a:ﬁ—i—bx—i—c) drx =
aryg — thl ary — tQSlfl aro — th’l
= | R , T - d| ————— | =
/ ( a— t2 ( a— t2 1) a— t?
ars — t?x,  axy — t2a; azrs — t2x; !
= | R T — ——— | dt
/ ( a—t? ( a—t? xl))( a—t?

[Tonyyenusar wHTErpas € HHTErpaJ OT palnoHa/Ha (PyHKIHA, 3a-
IMOTO apryMeHTuTe Ha (pyHknusaTa R ca pamuoHaIHA U 3aII0TO

)
IIPOU3BOIHATA Ha paloHa Ha GyHKIUs ( B cIydast (%) )

e CBHIIO pAIMOHATHA (PYHKITHUSI.

U Tyk a3 mie 3agB4, ye c¢be cyocTyTymuuTe Ha Ofiep MOXKeM Ja CMeT-
HeM BCEKH MHTerpaJl OT BHJIA:

I—/R(x,m)dx,

KaTO MPOMEH/INBATA T U PAIUKATHT \/ axr? + br + ¢ ca MOITOKEHH CaMO
Ha PaIMOHAJIHU JIeCTBUA.

Bce nak ja ro nposepum:
(a) a,c > 0 -MoKeM Ja TOJI3BaAMe I'bPBA M BTOPa CYOCTHTYIHUS HA
Oitjiep ¢bC CUTYPHOCT

(6) a >0 > ¢ - MoXkeM Jla MOJI3BaMe IIhbPBA U TpeTa CyOCTHTYIHs Ha
Oiinep

(B) ¢ > 0 > a - MOXKeM Jla MOJ3BaMe BTOpA W TpeTa CyOCTUTYIHs Ha
Oitnep

(r) a,c <0 - Tyk TpsibBa ja moa3BaMe Tpeta cyocruryust Ha Oitep.
Jlobpe, a ako ce cjaydn ce JMCKPUMUHAHTaTa € orpunareana’ Evu
Torapa oueBmiHO ar’ + bx + ¢ < 0, KoeTo mbK O3HaYaBa HAMA
JIOMYCTHMOTO MHOYKECTBO HE ChbPrKa PEAJHH YHCIA.

4. Nurerpann or 6unomen gudepeninan ( audepeHiuages GHHOM) WK
UHTErpajgu OT BUJA:

I= /xm(a+baz")pd:p,

6



KbJETO KOeDUIHEHTUTE a, b ca MPOU3BOJIHHE PEATHHE YNC/Ia,d CTeIeHHH-
Te MOKa3aTe/n M, N, P ca TPOU3BOJHU PAIMOHAJIHA YUCA.

(a) Hexa p e ngino auncsio. Torasa Hue 10/ Iy4aBaMe HHTErPAJl OT I'bPBHI
tui (¢ TAX 3aLM0YHAXME HOJTeMaTa )

(6) Hexka p me e mamo wmcio, no ™ e nano wmeno. Torasa npasuu
cyocturynusta t = a + bz"™. Cera jma m3pa3um T Cpsmo t:

t=a+ bz"
t—a=bx"
ba" =t —a
t—a

b

. t—a%
N b

1 1 / -1
t—a\n" 1 /t—a\" t—a 1 /t—a\" 1
de =d = — = —
b n b b n b b

Hexka cera ja 3amecTuM B MHTerpaJa:

I—/xm(a—i-bx")pdx—/ t—ay” mtp t—a %7lidt
B B b b nb

m

m 1 1 my 1l q

1 t—a\r t—a\" 1 t—a\"'m
- = P _ Pt —
nb(b)t(b> dt nb/(b) trdt

1 " m+l

j— a n
= — trdt
nb ( b )

ITonexke nomekaxme 2 na e ngmo wmeno, to m 25 — 1 me e

IS0 YHUCJIO, KOETO I'bK OT CBOS CTPaHa 03HAYaBa, Y€ U3Pas3bT
m+171

(t_T“) n e e parroHaJieH, Ta B caydas ocTaBaMe caMoO C eUH

NppAaIMOHAJIEH U3PAa3, 4 IMEHHO tP, K'b/IeTO P € PAIIMOHAJIHO YHCJIO.

Torasa p = %, KbaeTo k u [ ca menmm uncaa u vexka [ > 0. 3a ga

peIluM WHTEerpaga, ocTaBa Ja HANPABHM ITOCJIEIHO IOJATAHE, a
k lk

mmenno ¢ = u!( Torasa t? = (u!)? = (u')?) = uT) = u* u Torasa



IIoJIydaBaMe:

m4l_ q

1 J— n
I:/xm(a—i—bx")pdx:—/ ! ba tPdt =

nb

+171 'm+171

1 ul—a\ " & l ut —a "
—_ - d A i l+k71d
nb b wrd(w) nb/ b wooa

Tbit KaTo momckaxme mTH Ja € IOdJI0 YHUCJI0, TaKa HaIllud HU3Pa3
m4l_ g

l_ n _
Lr—a e panmonasied u nouexke u'tF1 e pammonasen (k u
b

[ ca mesm 4mesa), TO HOXYyYHXMe, 4e nsiara QYHKIUsS de Isia-
Ta MOJUHTEerpaiHa (DYHKIU € PAlUMOHAIHA, & TAKMBA HHTEr DAJIH
BevYe MOXKeM Jla CMsITaMe.

(B) Hexa p He e 115110 9uCII0, mT“ HE € I[s1JI0 9HUCJI0, HO mTH +p e 110

ancso. ToraBa Heka ja u3Ba UM 2" HpeJ CKOOH U MOJTydaBame:
I= /xm(a + bz")Pdx = /a:m (2" (az™™" + b))’ da =
= /xm(x”)p ((az™" +b))"dz = /m””"p ((az™" +b))" dz

Cera Heka jJa MOJOXKUM My = M + np, Ny = —n, p; = P U TaKa
HoJTydaBaMe:

I= [ banydn = [amor (a1 0) do= [ (@@ s b))

Cera e cBeJieM 3a/1a9aTa, 10 HPEIHAS CIydail, 3a Ta3u e TpsadBa

mi1+1 .
Aa JOKazKeM, 4de ™ € O4J10 9HCJIO. ﬂa o IpoBepuM:

m+1 m4+np+1 m+np+1 m+1

nq -n —n
ITonexke B TO3M caydail cMe TTOUCKAJIH mTH + p Ja e 40 YACIOo,
TO TOJYYUXMeE, 4de m;—;rl e € A0 9UCJI0 U B3UMANKU BUPEIBA
HpeIHHs CJIydail, Hue 3HaeM, 4Je mojoramero ar " + b =t e Hu

JoBele 40 MHTETPaJI, KOMTO MOXKEM 13 CMETHEM.

13001110 Ip# IpecMATaHeTO HA HHTEIPAJId, CMATaMe HHTerpaJsia 3a IpecMeT-
HAT KaTO HAMEPUM OTTOBOD, U3Pa3eH Upe3 e/Ha UM HIKOJKO ejleMeH-
rTapuu dyukiuu. Ho He BuHArn murerpasure MOrar Jia ce CMETHAT 110



TaKbB HaUMH. Jl0Ka3aHo e, 4e OCTAHAJINTe HHTErPaIn OT AudepeHIna-
JICH 6I/IHOM, HeClladallll K'bM HUTO €IUH OT Te3W Tpu CJdy4dad, HE MOrarT
Ja Obaar u3pasenu upes ejeMentapuu pyukimun. Pazbupa ce mma ore
MHOT'O TAKHBa MHTEI'PAJIN KaTO HAIPHMeD:

2 .
/e“” dx,/51nx2d:z:,...

Taka 4e He BUHAIW KATO HE MOYXKETE Ja PeIIuTe JaJeH UHTerpas, TOBa
ce J'bJIXKWM Ha HIKaKbB Ball npomyck. [Ipocro nmonsikora mHrerpaJjmnTe
He MOTaT Ja Ce pemaT dBHO.



