
22.Ïðèìèòèâíà ôóíêöèÿ. Íåîïðåäåëåí

èíòåãðàë. Èíòåãðèðàíå ïî ÷àñòè. Ñìÿíà íà

ïðîìåíëèâàòà

Îïðåäåëåíèå 22.1: Íåêà å äàäåíà ôóíêöèÿòà f(x), äåôèíèðàíà â èí-
òåðâàëà △. Ùå êàçâàìå, ÷å ôóíêöèÿòà F (x), äåôèíèðàíà â △, e ïðèìè-
òèâíà ôóíêöèÿ íà f(x), àêî F (x) å äèôåðåíöèðóåìà â △ è F ′(x) = f(x).

Ò.å. íèå òúðñèì ôóíêöèÿ F (x), òàêàâà ÷å F ′(x) = f(x), êàòî f(x) å
èçâåñòíà ôóíêöèÿ.

Ïðèìåð 22.1: Äà íàìåðèì ïðèìèòèâíàòà íà ôóíêöèÿòà f(x) = 2x.
Òðÿáâà äà äîñåòèì, ÷å ôóíêöèÿòà F (x) = x2 å ïðèìèòèâíà íà f(x) = 2x
â èíòåðâàëà (−∞,+∞), çàùîòî (F (x))′ = (x2)′ = 2x = f(x). Êàêòî ñå
äîñåùàòå ïðåäïîëàãàì, ÷å òðóäíàòà ÷àñò å äîñåùàíåòî.

Òâúðäåíèå 22.1: Àêî F (x) e ïðèìèòèâíà íà f(x) â èíòåðâàëà △, òî
âñè÷êè ïðèìèòèâíè íà f(x) èìàò âèäà F (x) + c, êúäåòî c å íÿêàêâà êîí-
ñòàíòà.

Äîêàçàòåëñòâî:

1. Àêî F (x) e ïðèìèòèâíà íà f(x), òî F (x) + c ñúùî å ïðèìèòèâíà íà
f(x).

(F (x) + c)′ = F ′(x) + (c)′ = F ′(x) = f(x)

2. Àêî Φ(x) å ïðèìèòèâíà íà f(x), òî Φ(x) = F (x) + c.

(Φ(x)− F (x))′ = Φ(x)− F ′(x) = f(x)− f(x) = 0
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Ïîíåæå èìàìå, ÷å (Φ(x) − F (x))′ = 0, òî îò îñíîâíà òåîðåìà íà
èíòåãðàëíîòî ñìÿòàíå ïîëó÷àâàìå, ÷å Φ(x) − F (x) = c ò.å. Φ(x) =
F (x) + c. ■

Îïðåäåëåíèå 22.2:Ìíîæåñòâîòî îò âñè÷êè ïðèìèòèâíè Φ(x) = F (x)+
C íà ôóíêöèÿòà f(x) â èíòåðâàëà △ ñå íàðè÷à íåîïðåäåëåí èíòåãðàë îò
ôóíêöèÿòà f(x) â èíòåðâàëà △ è ñå îçíà÷àâà Φ(x) =

∫
f(x)dx.

Âàæíè òåðìèíè ñà ñëåäíèòå:

1. Çíàêúò
∫
ñå íàðè÷à èíòåãðàëåí çíàê

2. Ôóíêöèÿòà f(x) ñå íàðè÷à ïîäèíòåãðàëíà ôóíêöèÿ

3. Äà íàïîìíÿ, ÷å dx ñå íàðè÷à äèôåðåíöèàë.

4. Íàìèðàíåòî íà ïðèìèòèâíèòå ôóíêöèè íà äàäåíà ôóíêöèÿ f(x) ñå
íàðè÷à èíòåãðèðàíå

Ñâîéñòâà íà íåîïðåäåëåíèòå èíòåãðàëè:

1. [
∫
f(x)dx+ C]′ = f(x)

Äîêàçàòåëñòâî:

Îò îïðåäåëåíèåòî çà íåîïðåäåëåí èíòåãðàë èìàìå, ÷å
∫
f(x)dx =

F (x) + c. Ñåãà ïðîñòî òðÿáâà äà äèôåðåíöèðàìå:[∫
f(x)dx

]′
= [F (x) + c]′ = F ′(x) + c′ = f(x) + 0 = f(x)

Òðÿáâà ñàìî äà íå çàáðàâÿìå, ÷å F (x) e ïðèìèòèâíà íà f(x), çàòîâà
è F ′(x) = f(x). ■

2.
∫
F ′(x)dx = F (x) + C
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Äîêàçàòåëñòâî:

Íåêà F (x) å ïðèìèòèâíàòà íà f(x). Òîãàâà èìàìå, ÷å F ′(x) = f(x)
è
∫
f(x) = F (x) + C. Òàêà ïîëó÷àâàìå âåðèãàòà îò ðàâåíñòâà:∫

F ′(x)dx =

∫
f(x) = F (x) + C

Ñ òîâà äîêàçàòåëñòâîòî çàâúðøè. ■

3.
∫
[f(x)± g(x)]dx =

∫
f(x)dx±

∫
g(x)dx+ C

Äîêàçàòåëñòâî:

Ùå äîêàæåì, ÷å∫
[f(x) + g(x)]dx =

∫
f(x)dx+

∫
g(x)dx+ C.

Àíàëîãè÷íî ñå äîêàçâà è∫
[f(x)− g(x)]dx =

∫
f(x)dx−

∫
g(x)dx+ C

Íåêà F (x) è G(x) ñà ïðèìèòèâíèòå íà ñúîòâåòíî íà f(x) è g(x) ò.å.
F ′(x) = f(x) è G′(x) = g(x). Òîãàâà èìàìå, ÷å [F (x) + G(x)]′ =
F ′(x) +G′(x) = f(x) + g(x), íî∫

[f(x) + g(x)] dx = F (x) +G(x) + c

Ïîíåæå çíàåì, ÷å
∫
f(x)dx = F (x) + c1 è

∫
g(x)dx = G(x) + c2.

Òîãàâà ïîëó÷àâàìå:∫
[f(x) + g(x)] dx = F (x) +G(x) + c = (F (x) + c1) + (G(x) + c2)+

+ c− c1 − c2 =

∫
f(x)dx+

∫
g(x)dx+ C,

êúäåòî C = c− c1 − c2. ■

4.
∫
αf(x)dx = α

∫
f(x)dx+ C
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Äîêàçàòåëñòâî:

Íåêà F (x) å ïðèìèòèâíà íà f(x). Òîãàâà [αF (x)]′ = α[F (x)]′ =
αf(x). Ñåãà äà ïðåñìåòíåì:∫

αf(x)dx =

∫
[αF (x)]′dx = αF (x) + C

è ñ òîâà ïðèêëþ÷èõìå äîêàçàòåëñòâîòî. ■

Òàáëèöà íà îñíîâíèòå èíòåãðàëè

1.
∫
0dx = C

2.
∫
1dx = x+ C

3.
∫
xαdx = xα+1

α+1
+ C ïðè α ̸= −1

4.
∫

1
x
dx = ln |x|+ C

5.
∫
exdx = ex + C

6.
∫
axdx = ax

ln a
+ C

7.
∫
sinxdx = − cosx+ C

8.
∫
cosxdx = sinx+ C

9.
∫

1
cos2 x

dx = tg x+ C

10.
∫

1
sin2 x

dx = − cotg x+ C

11.
∫

1
1+x2dx =

{
arctg(x) + C

− arccotg(x) + C

12.
∫

1√
1−x2dx =

{
arcsin(x) + C

− arccos(x) + C

13.
∫

1√
x2+1

dx = ln |x+
√
x2 + 1|+ C

14.
∫

1√
x2−1

dx = ln |x+
√
x2 − 1|+ C
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Äîêàçàòåëñòâî:

1.
∫
0dx = C

Ïîíåæå (C)′ = 0, òî
∫
0dx = C.

2.
∫
1dx = x+ C

Ïîíåæå (x+ C)′ = x′ + C ′ = 1, òî
∫
1dx = x+ C.

3.
∫
xαdx = xα+1

α+1
+ C ïðè α ̸= −1

Ïðè α ̸= −1 èìàìå, ÷å[
xα+1

α + 1
+ C

]′
=

[
xα+1

α + 1

]′
+ C ′ = (α + 1)

xα

α + 1
+ 0 = xα

Òàêà ïîëó÷èõìå, ÷å: ∫
xαdx =

xα+1

α + 1
+ C

ïðè α ̸= −1.

4.
∫

1
x
dx = ln |x|+ C

Ïîíåæå ln |x| e äåôèíèðàí ïðè x ̸= 0. Ùå ðàçãëåäàìå 2 ñëó÷àÿ:

(à) Ïðè x > 0 ïîëó÷àâàìå, ÷å:

[ln |x|+ C]′ = [ln(x) + C]′ = (ln(x))′ + C ′ =
1

x
+ 0 =

1

x

(á) Ïðè x < 0 ïîëó÷àâàìå, ÷å:

[ln |x|+ C]′ = [ln(−x) + C]′ = (ln(−x))′ + C ′ =
1

−x
(−1) + 0 =

1

x

Òàêà ïîëó÷èõìå, ÷å ïðè x ̸= 0 èìàìå, ÷å (ln |x|+ C)′ = 1
x
ò.å.∫

1

x
dx = ln |x|+ C.

5.
∫
exdx = ex + C
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Ïîíåæå
[ex + C]′ = [ex]′ + C ′ = ex + 0 = ex

Òàêà ïîëó÷èõìå, ÷å: ∫
exdx = ex + C

6.
∫
axdx = ax

ln a
+ C

Ïîíåæå[
ax

ln a
+ C

]′
=

[
ax

ln a

]′
+ C ′ =

1

ln a
[ax]′ + 0 =

1

ln a
ax ln a = ax

Òàêà ïîëó÷èõìå, ÷å: ∫
axdx =

ax

ln a
+ C

7.
∫
sinxdx = − cosx+ C

Ïîíåæå

[− cosx+ C]′ = −[cosx]′ + C ′ = −(− sinx) = sin x

Òàêà ïîëó÷èõìå, ÷å: ∫
sinxdx = − cosx+ C

8.
∫
cosxdx = sinx+ C

Ïîíåæå
[sinx+ C]′ = [sinx]′ + C ′ = cosx

Òàêà ïîëó÷èõìå, ÷å: ∫
cosxdx = sinx+ C

9.
∫

1
cos2 x

dx = tg x+ C
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Ïîíåæå

[tg x+ C]′ = [tg x]′ + C ′ =
1

cos2 x
Òàêà ïîëó÷èõìå, ÷å: ∫

1

cos2 x
dx = tg x+ C

10.
∫

1
sin2 x

dx = − cotg x+ C

Ïîíåæå

[− cotg x+ C]′ = [− cotg x]′ + C ′ = −
(
− 1

sin2 x

)
=

1

sin2 x

Òàêà ïîëó÷èõìå, ÷å: ∫
1

sin2 x
dx = − cotg x+ C

11.
∫

1
1+x2dx =

{
arctg(x) + C

− arccotg(x) + C

(à) Ïîíåæå

[arctg x+ C]′ = [arctg x]′ + C ′ =
1

1 + x2

Òàêà ïîëó÷èõìå, ÷å:∫
1

1 + x2
dx = arctg x+ C

(á) Ïîíåæå

[− arccotg x+ C]′ = −[arccotg x]′ + C ′ = − 1

1 + x2

Òàêà ïîëó÷èõìå, ÷å:∫
1

1 + x2
dx = − arccotg x+ C
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ò.å. ïîëó÷èõìå òîâà, êîåòî òðÿáâàøå:∫
1

1 + x2
dx =

{
arctg(x) + C

− arccotg(x) + C

12.
∫

1√
1−x2dx =

{
arcsin(x) + C

− arccos(x) + C

(à) Ïîíåæå

[arcsinx+ C]′ = [arcsinx]′ + C ′ =
1√

1− x2

Òàêà ïîëó÷èõìå, ÷å:∫
1√

1− x2
dx = arcsinx+ C

(á) Ïîíåæå

[− arccosx+ C]′ = −[arccosx]′ + C ′ = − 1√
1− x2

Òàêà ïîëó÷èõìå, ÷å:∫
1√

1− x2
dx = − arccosx+ C

ò.å. ïîëó÷èõìå òîâà, êîåòî òðÿáâàøå:∫
1√

1− x2
dx =

{
arcsin(x) + C

− arccos(x) + C

13.
∫

1√
x2+1

dx = ln |x+
√
x2 + 1|+ C
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Íåêà F (x) = ln |x+
√
x2 + 1|+C. Äîïóñòèìîòî ìíîæåñòâî å âñÿêî

x ∈ R. Ùå ïîêàæåì, ÷å x +
√
x2 + 1 ≥ 0 çà âñÿêî x. ßñíî å, ÷å

x+
√
x2 + 1 ≥ 0 ⇐⇒

√
x2 + 1 ≥ −x.

(à) Î÷åâèäíî å, ÷å òîâà íåðàâåíñòâî å èçïúëíåíî çà âñÿêî x ≥ 0

(á) Ïðè x < 0 ïîëó÷àâàìå ñèñòåìàòà:{
x < 0

x2 + 1 ≥ x2

Îò êúäåòî ïîëó÷àâàìå x < 0.

Òàêà ïîëó÷èõìå, ÷å x+
√
x2 + 1 ≥ 0 çà âñÿêî x ∈ R. Ñåãà îñòàâà äà

ñìåòíåì åäíà ïðîèçâîäíà:

F ′(x) = (ln |x+
√
x2 + 1|+ C)′ = (ln(x+

√
x2 + 1))′ + (C)′ =

=
1

x+
√
x2 + 1

(1 +
1

2

(
x2 + 1

)− 1
2 (2x)) =

=
1

x+
√
x2 + 1

(
1 +

x√
x2 + 1

)
=

1

x+
√
x2 + 1

·
√
x2 + 1 + x√
x2 + 1

=

=
1√

1 + x2

È òàêà ïîëó÷èõìå:∫
1√

x2 + 1
dx = ln |x+

√
x2 + 1|+ C

14.
∫

1√
x2−1

dx = ln |x+
√
x2 − 1|+ C

Íåêà F (x) = ln |x +
√
x2 − 1| + C. Äîïóñòèìîòî ìíîæåñòâî å

(−∞,−1) ∪ (1,+∞).
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(à) Ïðè x > 1 å èçïúëíåíî x+
√
x2 − 1 > 1 > 0. Òîãàâà

F ′(x) = (ln |x+
√
x2 − 1|+ C)′ = (ln(x+

√
x2 − 1))′ + (C)′ =

=
1

x+
√
x2 − 1

(1 +
1

2

(
x2 − 1

)− 1
2 (2x)) =

=
1

x+
√
x2 − 1

(
1 +

x√
x2 − 1

)
=

1

x+
√
x2 − 1

·
√
x2 − 1 + x√
x2 − 1

=

=
1√

x2 − 1

È òàêà ïîëó÷èõìå ïðè x > 1 å èçïúëíåíî:∫
1√

x2 − 1
dx = ln |x+

√
x2 − 1|+ C

(á) Ïðè x < −1 =⇒ x2 − 1 < x2 =⇒
√
x2 − 1 <

√
x2 = |x| = −x ò.å.

ïîëó÷àâàìå, ÷å x+
√
x2 − 1 < 0. Òîãàâà

F ′(x) = (ln |x+
√
x2 − 1|+ C)′ = (ln(−(x+

√
x2 − 1)))′ + (C)′ =

= (ln(−x−
√
x2 − 1))′ =

1

−x−
√
x2 − 1

(−1− 1

2

(
x2 − 1

)− 1
2 (2x)) =

=
1

x+
√
x2 − 1

(
1 +

x√
x2 − 1

)
=

1

x+
√
x2 − 1

·
√
x2 − 1 + x√
x2 − 1

=

=
1√

x2 − 1

È òàêà ïîëó÷èõìå, ÷å å â ñèëà:∫
1√

x2 − 1
dx = ln |x+

√
x2 − 1|+ C

Ñ òîâà çàâúðøè äîêàçàòåëñòâîòî íà îñíîâíèòå ôîðìóëè. ■

Âíàñÿíå ïîä çíàêà íà äèôåðåíöèàëà

Òåîðåìà 22.1: Íåêà F (x) å ïðèìèòèâíà íà f(x) ò.å. [F (x)]′ = f(x) è∫
f(x)dx = F (x) + C. Ùå äîêàæåì, ÷å∫

f(φ(t))dφ(t) = F (φ(t)) + C =

∫
f(φ(t))φ′(t)dt
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Äîêàçàòåëñòâî:

1. Ùå íàìåðèì ïðîèçâîäíàòà íà F (φ(t)) + C ñïðÿìî t:

[F (φ(t)) + C]′t = [F (φ(t))]′φ(t)[φ(t)]
′
t = f(φ(t))φ′(t)

Òîâà êîåòî ïîëó÷èõìå, âñúùíîñò îçíà÷àâà, ÷å F (φ(t))+C å ïðèìè-
òèâíà íà ôóíêöèÿòà f(φ(t))φ′(t), ò.å.∫

f(φ(t))φ′(t)dt = F (φ(t)) + C. (1)

2. Ùå íàìåðèì ïðîèçâîäíàòà íà F (φ(t)) +C ñïðÿìî φ(t). Çà äà ñòàíå
ïî-ëåñíî ïîëàãàìå q = φ(t):

[F (φ(t)) + C]′φ(t) = [F (φ(t))]′φ(t) + C ′ = [F (q)]′q + 0 = f(q) = f(φ(t))

Òîâà êîåòî ïîëó÷èõìå, âñúùíîñò îçíà÷àâà, ÷å F (φ(t))+C å ïðèìè-
òèâíà íà ôóíêöèÿòà f(φ(t)) ñïðÿìî φ(t), ò.å.∫

f(φ(t))dφ(t) = F (φ(t)) + C. (2)

Oò (1) è (2) ïîëó÷àâàìå:∫
f(φ(t))dφ(t) = F (φ(t)) + C =

∫
f(φ(t))φ′(t)dt■

Êàêòî çàáåëÿçâàòå îò òåîðåìàòà âíàñÿíåòî íà ÷àñò îò ïîäèíòåãðàëíàòà
ôóíêöèÿ ïîä çíàêà íà äèôåðåíöèàëà å ìèñëåíî èíòåãðèðàíå íà òàçè ÷àñò
ñïðÿìî ïðîìåíëèâàòà èëè ôóíêöèÿòà, êîèòî ñà ïîä çíàêà íà äèôåðåíöè-
àëà, è çàïèñâàíåòî èì ïîä íåãî.

Ñëåäñòâèå 22.1: Íåêà φ(x) e äèôåðåíöèðóåìà ôóíêöèÿ, òîãàâà∫
f(x)φ′(x)dx =

∫
f(x)d(φ(x) + C)

.
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Äîêàçàòåëñòâî:

Íåêà äà ïîëîæèì g(x) = φ(x) + C. Îò òåîðåìàòà çíàåì, ÷å∫
f(x)d(φ(x) + C) =

∫
f(x)d(g(x)) =

∫
f(x)g′(x)dx =

=

∫
f(x)(φ(x) + C)′dx =

∫
f(x)φ′(x)dx■

Íà ïðîñò åçèê òîâà ñëåäñòâèå çíà÷è, ÷å ìîæåì áåçíàêàçàíî äà äîáà-
âÿìå ïðîèçâîëíà êîíñòàíòà ïîä çíàêà íà äèôåðåíöèàëà.

Ñëåäñòâèå 22.2: Íåêà φ(x) e äèôåðåíöèðóåìà ôóíêöèÿ, òîãàâà

k

∫
f(x)dφ(x) =

∫
kf(x)dφ(x) =

∫
f(x)dkφ(x)

.

Äîêàçàòåëñòâî:

Íåêà äà ïîëîæèì g(x) = kφ(x). Îò òåîðåìàòà çíàåì, ÷å∫
f(x)d(kφ(x)) =

∫
f(x)d(g(x)) =

∫
f(x)g′(x)dx =

=

∫
f(x)(kφ(x))′dx =

∫
kf(x)φ′(x)dx =

=

∫
kf(x)dφ(x) = k

∫
f(x)dφ(x).

Ïîñëåäíîòî ñëåäâà îò ïî-ðàíî èçâåäåíèòå ñâîéñòâà çà íåîïðåäåëåíèòå
èíòåãðàëè.■

Íà ïðîñò åçèê òîâà ñëåäñòâèå çíà÷è, ÷å ìîæåì äà ñè ìåñòèì êîíñòàíòà,
êîÿòà óìíîæåíà ïî èíòåãðàëà, â ïîäèíòåãðàëíàòà ôóíêöèÿ è ïîääèôå-
ðåíöèàëíàòà ôóíêöèÿ.

Ïðèìåð 22.2: Äà ïðåñìåòíåì èíòåãðàëà
∫

1
a2+x2dx ïðè a ̸= 0.∫

1

a2 + x2
dx =

1

a2

∫
1

1 +
(
x
a

)2dx =
1

a

∫
1

1 +
(
x
a

)2d(xa)
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Íåêà ïîëîæèì x
a
= t. Òîãàâà ïîëó÷àâàìå:∫

1

a2 + x2
dx =

1

a

∫
1

1 +
(
x
a

)2d(xa) =
1

a

∫
1

1 + t2
dt

(11)
=

1

a
arctg(t) + C =

=
1

a
arctg

(x
a

)
+ C

Ïðèìåð 22.3: Äà ïðåñìåòíåì èíòåãðàëà
∫

1√
a2−x2dx ïðè a > 0.∫

1√
a2 − x2

dx =
1

a

∫
1√

1−
(
x
a

)2dx =

∫
1√

1−
(
x
a

)2d(xa)
Íåêà ïîëîæèì x

a
= t. Òîãàâà ïîëó÷àâàìå:∫

1√
a2 − x2

dx =

∫
1√

1−
(
x
a

)2d(xa) =

∫
1√

1− t2
dt

(12)
=

(12)
=

1

a
arcsin(t) + C = arcsin

(x
a

)
+ C

Ïðèìåð 22.4: Äà ïðåñìåòíåì èíòåãðàëà
∫

1√
x2−a

dx ïðè a > 0.∫
1√

x2 − a
dx =

1√
a

∫
1√(

x√
a

)2

− 1

dx =

∫
1√(
x√
a

)2
d

(
x√
a

)

Íåêà ïîëîæèì x√
a
= t. Òîãàâà ïîëó÷àâàìå:∫

1√
x2 − a

dx =

∫
1√(
x√
a

)2
d

(
x√
a

)
=

∫
1√

t2 − 1
dt

(14)
=

(14)
= ln|t+

√
t2 − 1|+ C = ln

∣∣∣∣∣ x√
a
+

√(
x√
a

)2

− 1

∣∣∣∣∣+ C

= ln

∣∣∣∣∣ x√
a
+

1√
a

√
x2 − a2

∣∣∣∣∣+ C = ln

∣∣∣∣∣x+
√
x2 − a2√
a

∣∣∣∣∣+ C

= ln |x+
√
x2 − a2| − ln

√
a+ C = ln |x+

√
x2 − a2|+ C ′

, êúäåòî C ′ = − ln
√
a+ C.
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Èíòåãðèðàíå ÷ðåç ñìÿíà íà ïðîìåíëèâàòà

Òåîðåìà 22.2: Íåêà çà íÿêàêúâ èíòåðâàë D èìàìå:∫
f(x)dx,

êîéòî íå ìîæåì äà ñìåòíåì. Àêî φ(t) å äèôåðåíöèðóåìà è îáðàòèìà ôóí-
êöèÿ, äåôèíèðàíà â D1, êàòî ñòîéíîñòèòå è ïðèíàäëåæàò íà èíòåðâàëà
D è â èíòåðâàëà D1 , òîãàâà ìîæå äà íàïðàâèì ñìÿíàòà x = φ(t) è ïîëó-
÷àâàìå èíòåãðàëà: ∫

f(φ(t))dφ(t) = F (t) + C,

êîéòî íåêà å âúçìîæíî äà áúäå ïðåñìåòíàò. Òîãàâà çà èçõîäíèÿ èíòåãðàë
ïîëó÷àâàìå: ∫

f(x)dx = F (φ−1(x)) + C

Íà ïðîñò åçèê àêî íè å òðóäíî äà ðåøèì äèðåêòíî
∫
f(x)dx, íî çàáåëå-

æèì íÿêàêâà ñìÿíà íà ïðîìåíëèâàòà îò âèäà φ(t) = x ( çàìåíèì âñÿêî
ñðåùàíå íà x ñ ôóíêöèÿòà φ(t) ) è òàêà ñëåä ñìÿíàòà óñïååì äà ñìåòíåì
èíòåãðàëà ò.å. ïîëó÷àâàìå F (t), òî çà äà ïîëó÷èì èíòåãðàëà íà íà÷àëíà-
òà ôóíêöèÿ (êîéòî è òúðñèì) òðÿáâà ïðîñòî äà çàìåñòèì t ñ φ−1(x), ò.å
îáðàòíàòà ôóíêöèÿ íà òàçè, ñ êîÿòî ñìå çàìåñòèëè â íà÷àëîòî.

Äîêàçàòåëñòâî:

Çà äà äîêàæåì, ÷å: ∫
f(x)dx = F (φ−1(x)) + C

òðÿáâà ïðîñòî äà ñìåòíåì ïðîèçâîäíàòà íà F (φ−1(x))+C ñïðÿìî x, êîåòî
íà äóìè çâó÷è ïðîñòî, íî âñúùíîñò íå å ÷àê òîëêîâà ïðîñòî êîëêîòî ñè
ìèñëèòå:

(F (φ−1(x)) + C)′ = F ′(φ−1(x))′φ−1(x)(φ
−1(x))′x (⋆)

Ñåãà íåêà äà ñìåòíåì ïðîèâîäíèòå íà ìíîæèòåëèòå ïî-îòäåëíî. Îò óñëî-
âèåòî èçíàñÿìå φ(t) èçïîä çíàêà íà äèôåðåíöèàëà è ïîëó÷àâàìå:

F (t) + C =

∫
f(φ(t))dφ(t) =

∫
f(φ(t))φ′(t)dt,

14



êîåòî îçíà÷àâà, ÷å F (t) å ïðèìèòèâíà íà f(φ(t))φ′(t) ò.å.

F ′
t(t) = f(φ(t))φ′(t)

è òàêà ïîëó÷àâàìå:

F ′
φ−1(x)(φ

−1(x)) = f(φ(φ−1(x)))[φ(φ−1(x))]′φ−1(x) = f(x)φ′(φ−1(x)) (⋆⋆)

Ñåãà çà äà íàìåðèì ïðîèçâîäíàòà íà 2ðèÿ ìíîæèòåë òðÿáâà äà äèôå-
ðåíöèðàìå äâåòå ñòðàíè íà ðàâåíñòâîòî φ(φ−1(x)) = x :

φ(φ−1(x)) = x[
φ(φ−1(x))

]′
x

=
[
x
]′
x[

φ(φ−1(x))
]′
φ−1(x)

[
φ−1(x)

]′
x

= 1

φ′(φ−1(x))
[
φ−1(x)

]′
x

= 1

⇒
[
φ−1(x)

]′
x

=
1

φ′(φ−1(x))
(⋆ ⋆ ⋆)

Îò (⋆),(⋆⋆) è (⋆ ⋆ ⋆) ïîëó÷àâàìå:

(F (φ−1(x)) + C)′ = F ′(φ−1(x))′φ−1(x)(φ
−1(x))′x =

= f(x)φ′(φ−1(x))
1

φ′(φ−1(x))
= f(x)

è òàêà ïîëó÷èõìå, ÷å:∫
f(x)dx = F (φ−1(x)) + C. ■

Ïðèìåð 22.5: Äà ïðåñìåòíåì èíòåãðàëà:

I =

∫ √
a2 − x2dx

â èíòåðâàëà (−a, a), êúäåòî a > 0. Ùå ãî ñìåòíåì êàòî ñìåíèì ïðîìåí-
ëèâàòà x = a sin(t), êîåòî îçíà÷àâà x

a
= sin(t) è ôóíêöèÿòà t = arcsin(x

a
)
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òðÿáâà äà å îáðàòèìà, òî òðÿáâà äà íàëîæèì îãðàíè÷åíèåòî t ∈
[
− π

2
; π
2

]
.

Ñåãà îñòàâà äà ñìåíèì ïðîìåíëèâàòà:

I =

∫ √
a2 − x2dx =

∫ √
a2 − (a sin t)2d(a sin t) =

=

∫
|a|

√
1− sin2 t(a cos t)dt = a2

∫
| cos t| cos tdt

Ïîíåæå t ∈
[
− π

2
; π
2

]
, òî òîãàâà | cos t| = cost. Òàêà çà ïîäèíòåãðàëíàòà

ôóíêöèÿ ïîëó÷àâàìå cos2 t. Íî îò ôîðìóëèòå çà ïîíèæàâàíå íà ñòåïåíòà
çíàåì, ÷å:

cos2 t =
1 + cos(2t)

2
è òàêà çà èíòåãðàëà ïîëó÷àâàìå:

I = a2
∫

cos2 tdt = a2
∫

1 + cos(2t)

2
dt =

a2

2

∫
1dt+

a2

2

∫
cos(2t)dt+ C =

=
a2t

2
+

a2

4

∫
cos(2t)d(2t) +D =

a2t

2
+

a2 sin(2t)

4
+ E

Ñåãà îñòàâà åäèíñòâåíî äà íå çàáðàâèì äà ñå âúðíåì êúì èçõîäíàòà ïðî-
ìåíëèâà è çà òàçè öåë òðÿáâà äà çàìåñòèì t = arcsin(x

a
) ( èëè sin t =

x
a
). Êîåòî îò ñâîÿ ñòðàíà ùå ñòàíå ïî-ëåñíî, àêî ðàçïèøåì sin(2t) =

2 sin t cos t = 2 sin t ·
√

1− sin2 t

I =
a2

2
arcsin

x

a
+

a22 sin t ·
√
1− sin2 t

4
+ E =

a2

2
arcsin

x

a
+

a2x
√

1− (x
a
)2

2a
+ E =

=
a2

2
arcsin

x

a
+

a2x
√
a2 − x2

2a2
+ E =

a2

2
arcsin

x

a
+

x
√
a2 − x2

2
+ E

Èíòåãðèðàíå ïî ÷àñòè

Òåîðåìà 22.3: Íåêà u(x) è v(x) ñà 2 ôóíêöèè, êîèòî ñà äèôåðåíöè-
ðóåìè â èíòåðâàëà D. Òîãàâà å â ñèëà ôîðìóëàòà:∫

u(x)dv(x) = u(x)v(x)−
∫

v(x)du(x)
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Äîêàçàòåëñòâî:

Ïîíåæå u(x) è v(x) ñà 2 äèôåðåíöèðóåìè ôóíêöèè, òî

[u(x)v(x)]′ = u′(x)v(x) + v′(x)u(x),

êîåòî îçíà÷àâà, ÷å u(x)v(x) å ïðèìèòèâíàòà íà u′(x)v(x) + v′(x)u(x) ò.å.

u(x)v(x) =

∫
[u(x)v(x)]′dx =

∫
[u′(x)v(x) + v′(x)u(x)]dx =

=

∫
u′(x)v(x)dx+

∫
v′(x)u(x)dx =

∫
v(x)du(x) +

∫
u(x)dv(x),

îò êúäåòî ñòèãàìå äî èçâîäà, ÷å:∫
u(x)dv(x) = u(x)v(x)−

∫
v(x)du(x). ■

Ïðèìåð 22.6: Äà ïðåñìåòíåì ïàê ñúùèÿ èíòåãðàë:

I =

∫ √
a2 − x2dx

â èíòåðâàëà (−a, a), êúäåòî a > 0, íî ÷ðåç èíòåãðèðàíå ïî ÷àñòè.

I =

∫ √
a2 − x2dx =

∫
a2 − x2

√
a2 − x2

dx =

=

∫
a2√

a2 − x2
dx−

∫
x2

√
a2 − x2

dx+ C = I1 − I2 + C

Íåêà äà ïðåñìåòíåì ïîîòäåëíî äâàòà èíòåãðàëà:

I1 =

∫
a2√

a2 − x2
dx = a2

∫
1√

a2 − x2
dx = a2 arcsin

x

a
+D,

êàòî ïîñëåäíîòî ðàâåíñòâî ñå ïîëó÷è îò ïðèìåð 22.3. Ñåãà äà ñìåòíåì
âòîðèÿ èíòåãðàë êàòî ïúðâî âêàðàìå åäíî x ïîä äèôåðåíöèàëà:

I2 =

∫
x2

√
a2 − x2

dx =

∫
x√

a2 − x2
d

(
1

2
x2

)
=

1

2

∫
x√

a2 − x2
d(x2)
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Ñëåä òîâà óìíîæàâàìå ïî -1 ïîä äèôåðåíöèàëà è ñúáèðàìå ñ a2:

I2 =
1

2

∫
x√

a2 − x2
d(x2) = −1

2

∫
x√

a2 − x2
d(−x2) =

= −1

2

∫
x√

a2 − x2
d(a2 − x2)

Ñåãà ìíîãî êëþ÷îâ ìîìåíò - ïîíåæå ïîä äèôåðåíöèàëà ïîëó÷èõìå t =
a2−x2, òî òîãàâà ìîæåì äà âêàðàìå èçðàçà 1√

a2−x2 = t−
1
2 è ïîíåæå ïðàâèì

ìèñëåíî èíòåãðèðàíå ñïðÿìî t ïîëó÷àâàìå ïîä çíàêà íà äèôåðåíöèàëà
2t

1
2 :

I2 = −1

2

∫
x√

a2 − x2
d(a2 − x2) = −1

2

∫
x

t
1
2

dt = −1

2

∫
xt−

1
2dt =

= −1

2

∫
xd2t

1
2 = −2

1

2

∫
xdt

1
2 = −

∫
xd(a2 − x2)

1
2

È ñåãà ïðàâèì èíòåãðàëà ïî ÷àñòè è ïîëó÷àâàìå:

I2 = −
∫

xd(a2 − x2)
1
2 = −x(a2 − x2)

1
2 +

∫
(a2 − x2)

1
2dx =

= −x
√
a2 − x2 +

∫ √
a2 − x2dx

È íÿêîé ùå ïîïèòà êàêâî õóáàâî èçëåçå îò öåëèòå òèÿ ñìåòêè? Åìè ïî-
ëó÷èõìå èçõîäíèÿ èíòåãðàë ò.å.:

I2 = −x
√
a2 − x2 +

∫ √
a2 − x2dx = −x

√
a2 − x2 + I

Ñåãà äà çàìåñòèì:

I = I1 − I2 + C = a2 arcsin
x

a
− (−x

√
a2 − x2 + I) + F =

= a2 arcsin
x

a
+ x

√
a2 − x2 − I + F

Îñòàâà äà èçðàçèì ñàìî I è ïîëó÷àâàìå:

I = a2 arcsin x
a
+ x

√
a2 − x2 − I + F

2I = a2 arcsin x
a
+ x

√
a2 − x2 + F

I = 1
2

[
a2 arcsin x

a
+ x

√
a2 − x2

]
+ L
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